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Summary 

.his report summarizes the recent work in the application of 

the LIE'Serics method to the solution of ordinary and partial 

differential equations. 

After a short introduction the power series method which is a 

special case of the Lie scries method of chapter III is de- 

scribed in chapter II. Further we discuss the interesting con- 

cept of recursion formulas and the calculation of the "trans- 

fer matrix" (connection matrix), the derivatives of the solu- 

tion with respect to the initial values. 

Chapter III deals with the numerical evaluation of the Lie 

series perturbation formula. This chapter contains the resultr 

of the report /29/, which has beon written together with 11. 

Knapp at the MRC, Madison, V/isconsin. Suitable quadrature for- 

mulas and recursions, statements en the order and error osti- 

nation are given. Numerical examples finish the chapter and 

compare the method also with that of Pohlberg. 

. n chapter IV we prove Oröbner's integral equation which le^dr 

to short proofs of the formulas of chapter III and to various 

goneralizations of the method. A survey of these is presented 

at the end of this summary. 

Chapter V ccneralizes the concept of Runce-Kutta to methods 

v:ith multiple nodes, which is possible vith the use of the Lie 

differential operator D. A general theory is developed and the 

method of Fehlberc is shown to be a special case. 

Chapter VI deals with the step-size control and chanter VII 

shows the application of generalized Lie series to the calcu- 

lation of switch-on transients occuring in the telegraphic 

equation. 
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Chapter I: INTRODUCTION 

.1. Statoment of the problem 

Find the solutions y^x),...^ (x) of an ordinary system of first - 

order differential oquationc 

(1.1)   

which at xo assume n specified initial values 

(1.2) yi(x0)= yi0   (i"1,...,n) 

Here, f i(x,y1,... fy ) are given functions of the variiables x,y1t...ly . 

Defining the vectors 

n/ 

K 

v»e write (1.1) as 

(1.3)     y'-f(x,y) 

'"e shall keep to this way of writing in what follows. Speaking, for 

-.xample, of "the solution y(x)" we mean that this iat the solution 

vector ,' y1 (x)' 

y(x)- 1 

i.e., "the solutions y.,(x),...,y (x)" , etc. 

"■/hen stated as above, our problem is already quite general because any 

explicit higher-order differential equation or system can be re-writ- 

ten as a first-order system. Tnis requires merely that all derivatives 

except the highest be replaced by new auxiliary functions (cf, Erwe /11/, 

P. 27). 

1,2. Step-bj-Step Continuation of 3olutions 

11 methods diecussed in the folloviing give reliable approximations 
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y(x) only in the near neighborhood of the initial value x0. Large 

values of I x-x | may soon lead to poor results. What one can do Is 

choose a certain "step" h, and trace the approximation only to the 

point x.j-x +h1.This approximation y(x +h) uill then serve as the 

initial value of a nev» step from x1 to x.-x^h-, and so forth. 

Apart from the specified initial value, such "one-step-methods" do 

not use any other information on the previous shape of the solution. 

Therefore, we need no longer bother to number the steps but may call 

any initial point x fy . The problem left for the followin/» chapters 

In now to construct an approximation y(x) at the point x-x +h from 

t.ivcn initial values x ,y and a given step size h with a sensible 

rolume of calculation in such a way that this approximation is as 

close as possible to the unknown solution« 

1.5. Error 

The size h of the stupe dependR above oil on the desired accuracy. 

mailer steps give better accuracy (not considering rounding errors) 

but requirr moro 'Aork. To mnkc a sensible choice of the step size 

v<e must therefore havo a rough idea ol the "local" error committed 

during 0 step of integration«Wo shall discuss this when dealing with 

■ihe different methodt? individually. However, the total error committed 

nfter several stops is still undetermined. This error may soon become 

much greater than would be expected because of the insignificant 

local errors. The decisive factor is whether the solutions next to y(x) 

:l?£^ä?.°k y(x) or depart from it as x increases, i.e. whether the 

jolution is stable or unstable. More information about this can be got 

'vom the so-called transfer matrix«In Section II.6 we will see how 

feo calculate it. 

in the case of n=1, i.e., one differential equation, only half of all 

oases give unstable solutions. In systems of differential equations 

(nonce,also in differential equutions of higher ordt:r),hoacvor, there 

in nearly always at least one unstable component. Therefore, accuracy 

must be high should the solution be continued over a domain of 

considerable extent. Here aru two examples that involve some trouble: 
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y'^-IOy'+nyv  y(0)«1,  y'Co)—1 

y(3)-? 

(ii''or greater detail see Collatz 111%  p. 49)» 

y"+(l-x2)y«0, y(ü)-1, y'Co)^, y(lOO)-?. 

In the last example) accuracy would have to be 5000 places if some- 

thing should be obtained for x»100. 



Chapter II 

Power Series 

by 0. Wanner 

Abatract; 

Solving ordinary differential equations by power series expansions 

has again become rather popular lately, on the one hand because the 

coefficients of the solutions can be calculated by computer through 

recursion formulas, and on the other hand because estimation of error 

is relatively simple. 





ft-nrt 
fe FU.yW)...^ ♦f1(x,y)|^...+fn(x.y)||-l 

x,y(x) 

where we have defined the linear differential operator 

0.5)      D - f; ^(».^+...*rn(K.y)3§- 

for brevity. 

By iteration of (1.3) we find for the higher derivatives 

d.p.) iLp(X)y(x))   r^F-j 
dxy i-       Jxfy(x) 

v/here B^P means  that the differential operator has to be applied 
u -iimss  to F. 
r"hus,   the ^o^er series of the functions F(x,yfx)) at the point x 

II.1. 7 

II.1. Solution by Power Series Expansion 

Power series of the solutions y(x) Till henceforth be written in the 
way adopted by ", Groebner. This will turn out to be very useful, 

especially.in later chapters. 

Let FCx^y) be an analytic, function of the variables x,y1,...,yn. 

Inserting solutions y^x),... ,y (x) in the place of y-,. •. ,y_-we find 

a function that depends on x only. By the chain ruXe.f.its -derivative 

with respect to this variable is 

(1 -r)    k-Kx.yW) . [F^F^ *£*... ^ %r]xa(x) 

Here, the bracket symbol I   J  / \ means that the variables x and 

y must be replaced by the functions x «ind y(x) after the partial 

differentiatioTis have been performed, JTrom now on we shall k#ep to 

this way of v/riting, i.e., every time some kind of expression stands 

after such brackets it must be inserted for the variables .x and y. 

iince tha functions y(x), which we have inserted in Eq. (1.1), are 

supposed to be the solutions of (1.1.1) or (l.l.j) we have- 
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can be written as 

(1.4)        P(x,y(x)) -I (X-X0)J ^  f 
dx^  V- 

"•»JV*// J-„ 

■4 •' •  VP' 
x
0'y0 

OTTinp to y(xo)-yo (1-1.?). 

Setting P(3f,y)«y. we obtain the series for the solutions proper 

(1.5)        y^x) -2_-Tr- DWyi ^■1 n^ fe3    w! -      iJxo,yo 

'Jimilar expressions occur also in the theory of transformation groups 

Therefore, such scries, especially the ones derived in the following 

chapters, are also named Lie-series. 

11*2« Recursive Calculation of the Coefficients 

■7e shell now discuss the recursive calculation of the power series 

coefficients as lately adopted by Gibbons /18/, R. J, Moore /56/ and 

many other authors. It has become very important through the use of 

electronic computers. 

'tie  assume that the functions f.. (xfy) have been composed of the variab- 

les x and y,.,...^ by finite sequences of elementary operations. 

v/e note all intermediate results. Each of these intermediate results 

follows from one or two of the preceding values (one-place and/or 

binary operations) or from x,y..,...,y or from a constant c. Suppose 

p(x,y1,...,yn), q(x,y1,...,ytl) and r(x,y1,... ,yn) are three (or two) 

operands that are interrelated through an arithmetic operation 

(2.1) r(x,y1,...,yn)= p(x,y1,...,yn)*q(x,y1,...,yu) 

or some sort of elementary functions g 

(2.2) r(x,y1,...,yn)= g(p(x,y1,...,yn)) 

Then we introduce the foilowine notation 
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(2.3)    p.filll       ,     Q.fi?*       .       R-SÜE 
Mli! * Uli! ' M       Ul 

Hence, these quantities are functions of the variables x>y1,...,y • 

For the functions Xiy,.,.,, ,y tf1,... ,f .c which are special cases of 

such operands, we shall also use* the corresponding symbols X , Y,. .... 

••••ynu» P1u» •'•» PnM' C|i ' 

In what follows we tabulate formulas which permit us to calculate R 

for (2.1) or (2»2) from the coefficients 

PH » Vl ' V2 ♦•••, Po 

%  '  Q|i-1   » V2  ,•,,'  Qo ^only for (2*1^ 
RU-1   ' R

M-2  »•••♦  Ro      * 

' r    r=p + q R »P +Q 

ifferonce:  r- p-q R "P -0 
f* f* p* 

roduct:        r«p.q R.,* ^   P«Q    «        (»i-o,1,2,...) 
M    p^ö p M'p 

.uotiont;  r- p/q R - (P ->    K^.J^o    (u-o,1,2,...) 
H        **   'ps-ö ^ M ^ 

•xp:    r=nxp p %" H ^    (>i'p)RpVp     » Ro"exp Po 

lor-    r- log p RM. [?u- Jl' (u.p)P Ru    )/P0    , R0-log P( 

"quaro roots    r«    p R = sr~ ^P->    RR       \ *    R-VP r        w 2R0 L u ^_ p u-p J '  0   o 

Constant power,  r- pc     Ru-{2- ^^"^^^P^o^-ol^ ' Ro"Po 
f*        *p»Q( P   H   P   I*   0 

(^O   ^ 

)  For the case P "O and c    a positive integer, G.Margreiter has 

•rived apeclal formulaB,  cf. /53/ . 
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sin and cos: q« sin p       Q ■ -^t (,1"p)RoPu-o  ' ^o" 8in ^o 

r- cos p       R - - ""^  (H-P)<Ü P „  • R«- cos P„ 
^        p   ^^S    p ^-P    0      0 

Proofs can be found in Moore /3^/ and V/anner /5'/« 

Vfhen all operations that give the functions fi(x»y1it..,y ) from x 

and y,.»*«*fy are replaced by the corresponding recursion formulas, 

those will give the values P.  from tt and Y,  »•••|Y_I1  if all 

derivatives of lower ordor are still present. Because of 

(2.4)    By^ £i    , D^Vi» D"^ 

these quantities are equal to F. = (|i+l)Y.  ,. . Hence, 

(o   O     Y     , -3- V ^ ü-0,1,2,...) 
(2-5)    ^.^  ^ '^ '     ( 1.1.2....  ) • 

The procedure can now bo repeated with the quantities Y. ,. • It 

will lead to a recusive computation of the Y. • Recursion begins 

with the values Y. »y. (initiril values) using the formulas 

(2.6) Xo-x, X.,-1, X2«X3»...»o 

and, for a constant c, 

(2.7) c
0"
c» C^C«».»." 0 

Then, it proceeds according to the pattern 

0' 10   'no      0' 0  o      1o   'no 
 ^ * > 

4"* ••••*< iQ^ R.«... 

^  ...^ > 

Y.^»•«. fYn^-»' ••••P^iQ^ R^... *P1^,...,Fn^ 

^12'*','^n2   **** 2*^2 ^2***   ^12,'**,^n2 

^»•..»Y^  etc. 

So'ne of the authors  that have worked with  one of these  (or similar) 

recursion formulas are Steffensen /46/, Hillor-Hurst /j^/,  ^l.Rabo /55/, 

'V.Oautschi /16/,  H.Pehlberg /14/,  I. iennig /   /, Deprit-Zahar / 9/, 

Leavitt 732/»  |:'.ichtmycr /41/. 
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II.5. Hatimation of Error 

Eatimating the error of a oeries that hue boon cut off (e.g., aftor 

the m-th term) is thus indispensable for a sensible choice and control 

of the stop size. On« possibility is to bound the error by means of 

raejorant series (e.g., Y/. Groebnor /2l/, /22/)* 

However, with Duffing1'» differential cqtation as an example, G. Maeß 

f IßJ has shown that using Lafrrnnfro's remainder of Taylor's series 

rives an error li'nit which is bv V4 powers of ten more iccurate than 

in the case of the majorant technique. 

If Ul occuring derivatives exist and arf continuous» then we have, 

according to Lagrango, 

y^x) -;  - 
(x-xj^ 

.^i. x ,y 
+ Rim 

with 
(»-«J 

im 

where,  owing to (1.2') 

(3.1) R 

m+1 

(m+1)! 

(x.xjm+1 

,n+1 

m+1 

im 
_   o' 
Tn+ryr 

dz 

-m+1 

y^x) xoMix 

i ,y(f) 
x^fix 

For a precise estimation of thr error one haa to know a douain B v;hic, 

is known to contain the solution y(f).  The functions D,l,f1yi can then 

be estimated in this domain  (Fig.  l) 

y 

V^-J~~JW 

(Pig. 1) 

;   xo     i x 

Maefl /54/ demonstrates this by Buffing's differential equation. 

R.E. Moore /36/ solves this problem generally ind automatically \>i 

mr*ana of interval arithmetics- 
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..novriiig m approximate «rror i.?. suffioient for a sensible control of 

bho step siz3.  Here,  ono miy put up '.Tith, say,   tho vnlue of D'    y. 

at tho point x  ,y    (this »rould bo the first terii neglected),  or rather 

ono chooses  tho larger one of the values ut tho points x  ,y    and 

x +h,,^(x +h)  (starting point for  the subsequent step).  Doth numbers 

aro easy to compute:  it is sufficient to run the iteration for calcu- 

lating the Taylor coefficients  for this and tho next step through 
another loop. 

'/) shall obtain tho formula (5 • 1)  for the remainder as  a special case- 
in the next chnptor. 

TI.4.  Transfer Matrloee 

Lot yi(x)  bo solutions of tho differential equation (l.l.l)  for the 

initial values y. . The matrix 

(4.1) H(x) - (Hlk(x)) - ^ 
/ ay^x) 

9y ko 

.'hich consists of the derivatives of the solution y1(x) with respect t 

ho k-th initial value y,    ,  is  then called the transfer matrix por- 

tnining to y(x). 

la.  other words 1 The trtuisf^r matrix deyoribes, in first approximation, 

the variation of tho solutions y. at the point x if tho initial values 

y,  are changed. When we change tho initial values y4 ....,y « by 
KO lo    no 

-.. »•••>c » ■t^c solutions y. at the point x will in first approximati 

change for        * / N a / \ 9yax)        9y. (x) 

on 

e4(x) 
öy 10 1o        dy 

Thus, 

(4.2) 

\cn^: 

\ ^10 

no no 

I \ "Mo        "no 

3y no 

or, in voctorial form, 
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For cxomplo, errors committed aomowhorc in the numerical integration 

can be mapped forward or backward to any fixed point by means of the 

transfer matrices. 

Hence, these also describe hen an error committed at a certain place 

influences the final result, ^e shpll consult the transfer matrices 

TISO for an "optimum" step size control "'hich takes stability and the 

total final error into account (Chapter VI). 

The transfer matrices are also useful in boundary value problems in 

v;hich some of the initial values are missing and have been replaced by 

conditions at other parametric points. Hero, the missing initial values 

muat first be guessed and then bo improved by means of the transfer 

matrices, after the relevant solutione have been found (Wanner /SV)» 

II.5. Calculation of the Transfer ?'-itricos 

To oalculate the transfer matrix preliminarily for a small domain, we 

differentiate the solution ceriec (1.5) torm by term with respect to 

the initial value y. s 

(5-1) gik(x 

In the next section, we shall find recursion formulas for the calcu- 

rk 
1 ition of the expressions ?—— B^y^ . 
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A romaindor formula for the orror after the m-th term, which is analo- 

gous to (3.1)f is 

In the case of a step-by-stop integration of the differential equation, 

with the intervals x ^x^ ,..<.xN , Eq. (l?.l) gives only the local 

transfer matrices 

OUJ.XJ.-,) - 

Owing to the chain rule (for functions of scvernl variables), these 

matrices can be multiplied with oach other to give the total transfer 

matrix 

(r.5) H(xN) - C(xN,xN-1)...C(x2,x1) C(x1tx0) 

Notice  that 

(5.4) H(x0) - C(x,x)  - E        (Identity matrix) 

and 

(5.5) CU.x») - C(x' ,x) -1 

For linoar systeris of differential equations, the columns of the trans- 

fer matrix coincide with the fundamental solutions of the corrospondir. 

homogeneous system (with the initial values 0,.. ,1,.. ,0), and the rel) 

tion (4*2) not only holds in first approximation but is valid exactly. 

Another possible way of calculating the transfer matrix is to intefcrat' 

the system 
dH ikW     ^ 

"Jx krL0* 
af. 

j x,y(x) 
Hjlc^) 

for every k-1,...,n with  the  initial vuluoa 

Hik(xo) " 6ik 

together with Eq.  (1.1.1).  This fortaula is usually ^iven. 
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in6. Recursion FormiLlaB for ExproseAons with an Additional Operator 

Here, we replace the operator *— of (5.1) generally by D because 

wo ohall need the follorring formulas for othor purposes too. 

Suppose D is another linear differential operator. In addition to (2.5' 

we adopt the symbols 

(6.1)         P .ML        Q. ^a ff .B& 

for certain operands p^q^r.  Again,   those quantities arc functions of 

Xvy1 yn. :ind the corresponding symbols ^»Y^,... ,7^,?^,... »P^, 

C    are «gain valid for the functions x,y.|,...,y »f^»...»^^. 

i.lsb for these quantities we obtain recursion formulas by simply 
applying the operator D to the formulas of page 

Table 

Sum:  r-p+q R «? +0 11    u    u 

Difference:.  r«p-q R »P -Q 

Product    r=«p.q R ■ / •    V '<i      +P U 

Quotient r   r-p/q ^-'{p^ ^J VV VVM-P^VOV^C 

xp;  r=exp p R = - /    (U-P){R P      -»-R P      ],    R -R P r ü    W ferx l   P  I'-P    P I'-P' 0     00 

R = (p - I >     (-'-p)(P R      +P R      )-P R ]/?    , u   ^  M    n^r—i      K     p u-p   p u-p      o ii>    0 ' log   r»log p 

000 

Roof. r.   p V7rtV22-R
PVpf l*-0,1,... 

0 P"0 vt{vCv..pJ 
instant powert  r-pc Vlu 4-.(CU"(C+1)P)(VU-P+VM-P)"RM?O}/PO  ' 

^•cR^/P,, ?J0 
0000 Qf 



16 II.7. 
^1 

in,  cos-   q=3in p ft « -/    (u-p)in p      +R P       J . v    Q =RJ: n ^ u    H /—-      ' /(-   p  u-p    p  n-p J    *      o    o c p=o 

■--1 

r»coa p R = — >    (u-p)(Q P      +Q P      \    > R««-Q«P« 

Sec V/annci' Av» p«  27» 

p-o 

Virst of all, all exprcosioru R ruuii u exist should R be calculated. 
.. M V- 

-pplying 1) to (2.5) we obtain 

^''^^ l,»i+1 " U+1 iu 

'hich enables us to employ recursion. As wo can see, the above formulae 

are independent of the particular choice of the operator D. Setting, 

&.£•» D - g— we find the expressions 

which are needed in (5«1)» In this oaso, recursion starts with the 

initial values 

Per the independent variable x wo have X = X.. ■> ... =0 

and for a constant c    C • C^ ■ ... ■ 0 . 0   1 

Subroutines, which calculate these formulas are given in Knapp-Wannor 

/30/ or Wanner /51/. 

II.7• Recurs ion Formulaa for Other Operabions 

The class of operations that arc allowei for the formation of the 

functions f.j(x,y) will be con•3i, rably expanded in this section. We 

shall see that every function Sfttlsfying a differential equation that 

«an already ue processed ir; allowed hero. 

First> vro  short  by way of a few exiraplea how recursion foraula^ can be 
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sot for many functions by introducing auxiliary expressionst 

rgqrctan p ; 

Herev Dr »  "- 
1+p^ 

2 
>/o eot 1+p =q , v;honco qDr«Dp . 

We find 

Q = > P P    , Q -1+P 2 ^"H    c.— p n-p  '  ^0   0 

(7.1) 

R -(p - -/_(u-p)Q R  ]/0.Ä ♦ R =f »arctan P  . 
P«1 

r=tan p ■ When sin p and cos p occur simultaneously, the best way is 

to write r •    ■ and to use tho formulas of page cos p 

Vhon sin p or cos p does not occur, it is preferable to use the formula.; 

Q „-/ R R   ,  , Q -1+R 2 

*i'1 p^ö p ^'P'1     0   0 

(7.2) 

R = 1)  (n-p)Q P    , R »tan P 
u u4—^.    P u-o    o    c ^ w^=ö    p u-p 

v;hich have been obtained by reversing tho formulas  (7*1 )• 

r=arcsin p   ; 

V/c  act    q=x(l-p  )   ,  v;honce    qDr«Dp  .  Owing to    q =1-p    wo obtain 

(7.3) 

V tV i^T(u-p)QpVp^o  '  R0-arcsinPo . 

For r=arc cos p v nil formulas remain the same, except for R ««arccos ^ 

For thß corresponding hyperbolic functions, only a few sipns have to 

bo changed in the formulcs on page 16. Of course, also for ?.ll these 

formulas there ~.re also the corresponding recursions with the additio- 

nal operator D. 
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Considor the gcnoral case that u1(x),...,u (x)  are solutions of tho 

differential equations 

u[(x) - g^x.uU))   . 

The only assumption wc mako is that the functions g.  are t ide up only 

of tho operations dealt vith so far. Then wc can give recursion fornra- 

las also for thoao functions. This step can be repeated over and ove.' 

nnd londa to a successive extension of tho recursion formulas to more 

and more functions of analysis. 

Lot 

ri - u^p)    (i-1,...,in) 

Since tho functions g. are made up of operations whose recursions arc 

kno.rn, vre can calculate the expressions 

D^VCP.UCP)) 
0     „  i  

x'u-1      (.-1)1 

for the operand p(xfy) from the coefficients up to P ., R.  ,,. 

Because of Dr.«uj(p)Dp = gi(Pfu(p))Dp VTQ  have 

(7-4)       Riu-;r2_(^)Vu-p • Rio"ui(po) • 
p=o 

the aaught recursion formula. 

Finally, we considor the.  important equation 

(7.5)     Mx)u" + a2(x)u' + a1(x)u = 0 

which vith tho usual substitutions    u«u1   ,  u'su«    becomes 

U1  "  U2 

a1u1<fa>u9 

Let pCx^y) be ^n arbitrary operand and lot 

r1 = u1(p)«u(ri)     ,    r2=u2(p)«u,(p)   i 

We put    ak(p) = a (x,y)     and ,xsöume that  the coefficients 
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lkp 
DPak(p) 

P« 

can be calculated by moans  of the existing recursion formulas from 

the values    P   , ...,P . o* p 

iloroover, v;e  use  the notation 

a1(p)u1(p) + a?(p)u2(p)  = a1r1  + a2r2 - q    ,    -5 - s  5 

then we find the recursion formulas 
u-1 

Vr4^tVi.u.p-i+SR2,u-p-J p-o r. 
Q ,- / S A,    , /A, 
u-1 ^  p 3,|i-P-lJ/ 3.< 

(7.6) 

R, - -/ (U-P)RO 
p 

iu u ^^    ?P u-P 

Ro " -/ (•I-P)S P 
p*o J 

3 

(»i-1,2,...) 

These recurnionö arc vr.lid for all functions that satisfy a differen- 

tial equation of the form (7«5)> fchat is, for example, all kinds of 

BeHaol functions. Mathicu functions, Webor functions. Cheb.vshcv-. 

LoiEcendro-, Hormite-. Laguorre-. or Jacobi polynomials. etc- 

her BcsGol functions of the first kind, e.g., wo have 

a^ = p" , a2 a1 « p -n 

i.nd 
V^" 

P P 
P^o P U-P »    ?U 

*    *       2 
kA    = A, -n 6   . 
1u   3u   'to 

Finally,  we should like  to mention that for orthogonal polynomials, 

in particular for higher n  (lou n nre  uninteresting)>   the  above for- 

mulas require much leas v/ork than uaing the "generating functions" 

as auggosted by Leavitt fa/. 
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Chaptar III 

LIE-Series 

by G. Winner 

This chapter discusses the numerical evaluation of ¥• Grochner'a 

Lie aeries perturbation fernula, on v/hich an efficient numerical 

msthod v/ith satisfactory error cetiraation is based. 
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III.1. Grocbner's Perturbation Formula 

Groobner'a perturbation formulp. states hov/ one has to correct nn 

arbitrary given approximate golution y(x)  (£.(x),... ty (x)) in order 

to find the solution y(x). This formula is a generalizntion of Taylor'f 

series (11,1.5) which can be obtained from it -.rhen the operators are 

choaon in a special way. 

A system of differential equations must be knorrn for the approximate 

yolution y(x): 

(i.i) p' . H*,9) 

•\nd the approximate «olution must assume the samo initial valuas 

(1-2)        y(x0) - y0  . 

Wa  introduce the operator 

(1.^)   D2 - 0-^ . (f/x,:/) f^x.y))—- - ... + (fn(x,y)-?n(x.y))^:- 

uhich accounts for  the difference  between the  two difforwntinl equatior; 
tloHoti , 

(1^4) D - D1  + D2 

As vo shall see in the next chapter, here v/e have the formula 

o 

(7. Groebncr) for the sought solution y(x). 

I IT.2. Knapp's Remainder Formula 

According to Knapp /26/, the reraaindor of the series (1 5) after, au.y, 

s terms it 

(2.1)        y(x) = y(x) + R (x) 
■j 

vith 



24 

3  X 

(2.1.)   y(x) . Kx) t ^ j %iil [»^J«,^!) "? 

(,.,„,    R9W   f i^^i^^^.^v^.^]^ 
0 

We shall prove this formula in tho next chapter. Knapp / 26 / has 

derived these formulas assuming that f.,f. €C . 

Another formula for the error can be obtained by increasing s in (2. 

by 1 and adding the last term a=8-t-1 of (2.1,)s 

o 

Finally, a mean value theorem of integral calculus gives 

(x.xor
1 

(2.5)    R (x) - l^VJ^H^j-kV],,.^,)1 
(3+1)! 

(2-4)   R=(it) ■ {-^^%Mhyby%2,9ih) 

III.3. Special Cose- Power Series 

The po.ver series expansion of the solution y(x) is a special case of 

the Lie aeries (2.1), if the origin..1 differential equation is 

autonomous, i. e., if the function f(x,y) do not depend on x and vu 

haV!, D = 1^ + f (y)^ . 

To bhow this we put 3., = f^ , ^2 "  f^y% ' ^^"^o   ' thus 

ID Day i A   - rDa+1vl 
L 2  J|fy(5) 3 L   'Jxo,yo   since hero also D

ay do not depend on 
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How th« Integrations aro readily oorriod out giving with a+l«a and th« 

remainder (?>4)

V“r
’ - - - -(.♦2)1

}

‘o^!2^

tho formula wl*ich hao fcuoi med before.

III.4. Choice of Approsiaate Soluti«n£

The approximate oolutions ?^(x),...,y^(x) can be ohoeon freely. They 
only have to satisfy tho initial sonditione (1.2)« end a system of 

diffurontial equations nurt b«i knov'r. for thorn. The bottor tho oholoc 

of the approximate solutions, th^ ■ ore efficient is the method.

It is oxpedient to use the first terras of tho power series expansion 

(II.1.3) for an approxiantion tc start: ’^ith:

(4.1) 9,M. £
u«o -o»yo

(of. (II..’.3}!); of course, n aa;' *)r.o uepond on i. A corresponding 
system of differoutial ©qu.ationi oon bo found by simply difforontiati;».‘ 

i',q. (4.1) (tho quantities constants)

(4.V)

(of. (11.2.5)), where tho furctfens depend on x only. The fomulaa 
(4.1) and (4.1') are used in the general nropran GR05BH5H, reproduoci 

in Knapp-Wanner /30/ or '(’annor /5l/.

One may also ret.ain parts of ah.- ori.-lnal systen, e.g., in equations 
of the kind

yi -
^2 • ^3

t f

K • >’i
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and replace only the last equation by a polynomial in x. In this case, 

however, the degrees m in Eq. (4«1) must decrease by unity each as i 

increases. This reduces the operator D- to a simpler form since then 

it consists merely of a single term. 

When the functions Dm y. are bounded in a region B of (x,y)-space, 

then '.re have from (ll«j.l) 

ix-x r+1 

(4.2)     kW-^Cx) | ici-7-ai— 
1    1 (m+1)! 

or 

(4.2-)       yi(x)^i(x) . 0((x.xo)
m+1) . 

In this case we say that y^x) is of the order m (or of the error ordc- 

ra+1). 

Of course there are examples for which a choice other than (4*1) 1" 

more convenient, e.g., the equation 

y« - Vx + V7 ,  y(0) - 0 . 

Here, the first Taylor term vanishes, the second is infinite. However. 

choosing the approximate solution 

A,  tf-    A  2 5/2 y' ■ Nx , y - f xy/ 

\7o obtain from (2.1*) with s«0 

y . I x3/2 + j|| i x7/4      . 

Compared \7lth other methods, this in a  very good approximation /4?/. 

For small x values its accuracy is sufficient and the singular point 

x«0 cm be avoided. More terms of Rq. (2.1') are not allowed, because 

only f«C0, whereas f^C . 

III.5. Order of the ivlotaod 

Definition- 

A method io of the order p, if the solutions ^(x) obtained through 

it are of the order p, i.g., if for every solution y(x), whoae Taylor 

series exists far enough, 
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y^x) - ^(x) = o((x-xo)
p+1>  . 

The Taylor series of the tv/o solutior.j will then agree up to et leaf 1 

the p-th torm. 

We chall prove now that the method dcli.-tid by Eq. (2.1') is of tha 

order m+s+l, if the starting solution y(x) is of the order m; 

Theorem; If the functions D3fi oatiar %  Lipschitz condition 

x,y ^   Jx,y      k=! 

in a region B. and if the starting ac^ution is of the order m 

(m+1)! 

K n x-x 
s 

%- ••+2 

(5.2) ly^x)  - y^xHiM 

then the relation 

(5.3) Lfx) - yJx)!*!« 
1 (m-i-c-'   )' 

holds true for the solution y(x)  thai   f 1.lo\7s from (2.1')» 

Proof. Dö+1yi-DSfi  ,  hence substitute   ^  '5.1)  and (5.?)  in (?.1""   vr 

get 

UiW -F^X)! -|iil9(x)l- 

0 

.irixdLÜK^ii^ 
m+1 

(m+1)! 
dl 

Jlo-- tho statement follorn by ncanc  of thf   \7t?ll-knov;n integral  fojmula 

(5.4) 
(—0) 

ül J   -71 TTir n-d!   »      (o<«*--i)    . 

T.ia  theorem ic a special ca:^' of   . ^   ii   -il  theorem stated in  ohi 
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next chapter. 

Thus, the order of the method increases by 1 with each additional 

integral. It may also increase by more than 1, as for example in the 

following case: 

y - x10V00 .  y(o) - 0 , 

B - ^ + (x  +y  )— , D1 - ^ + x   ^ » D2 - y   97 

^(x) - fa- 

where Eq. (2.1') with s-1 gives 

P      .10100 f f20099 
y(x)" *M + J oöö^5 *'+ J(x"!) 1u0 (W55 **+ ■"■ 

101 10101 20101 
MMMMI       4. i |^J,   , i » ■!! II    JHimiliTlllLWIBII  ■!■  «■■■■ITLllll   LJiW.. 4, 

S 101  ' 10101(101)100 " 20101.201.(101)199 ' ,,, 

this contains already more than 30 000 Taylor terms. 

III.6. Numerical Evaluitiony Quadrature Formulas 

To evaluate Eq. (2-1') numerically wo must calculate the occuring 

integrals in a proper ..'ay. The follov/iny lemma is quito useful for 

tVia purpose. 

IiOr.uaa; If the starting solution y(x) is of the order m 

y^x) - ^(x) - o((x-x0)in+1) 

and if the fjCx.y) satisfy a Lip.^chitz condition,  then 

C6.1) fk(x,Hx)) - fk(x^(x)) , 0((x.xo)m)     . 

*) Proof: According to the first assumption we have ' 

yl(x) - ^(x) - o((x-xo)a) 

r' becauoo    yi(x)-y.(x)€ Cm+1 
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and owing to tho LipsoMtz condition 've have 

f.U^x)) - fi(x,y(X)) . 0((x-xo)
m+1)  , 

Hence, 

- ^(x.^x)) - ^(x.yCx)) h r.(x,y(x)) - ^(x.^x)) - I 

= 0((x.xo)
m1) +y'(x)     -^'(x)     - ! 

= o((x.xo)
m;  . 

Now ue havp to oalculito thr; follovlng Integrales 
y x 

x0 
L •  -"l.yll)   x0 

V,'e choose  the step eise h  and set,  an  usaal according to Gauss, 
x +h k 

(6.5) J «(f)df   - h^c.^x^a.h) 

uhcro the a. (O^a.^l) doterr.ino cho given basic points at vhich »he 

values of g(f), '»»hich arc thor sumnod up vith the wci^its, must be 
oaloulntod. Tho root of this cootiop v/ill no^r bo dodicated to detor- 

nining the eooffioionts a. ^nd o . "? expediently ".s possible. 
First, v/e find fron tho lo-mma that tho function g(f) contains the 
factor (e-xo)

ra, f;->r re have (of. (l.7)) 

hjr.oo, owing to (6.1); (f-x^)'1 i: a f-actor occurring in the bracec. 

Thus, 

ß(0  -  (f-s)mG(|) 
and (6,5)  attains  tho  fom 

o 

':
V
I.J  tranr. rcr.-nution * ■•/.  -r.t    «iv^. 
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(6-5)     J tV(t)dt - y C.C*(a.) 
o       3ri J  J 

with 

(6.6) G*(t) - G(xo+ht) 

and 

(6.7) Ci . ,f1 

Equation (^.^) shows how tho coefficiGnts C. and a. must be deterninod 

sio that an  order as high as possible will be attained? The a. must be 

the zeros of the k-th one of the polynomials -.Thioh in the interval 

(0,1) are orthogonal with the weight function tm, the C. are the 

corresponding woights (e.g., Natanaon /38/, p. 436). These coefficientj 

are tabulated with 8D, e.g., in Krylov-Lugin-Janovich /5V« Stroud- 

Secreot /49/ give a FORTRAN program for this (hewever, for tho interval 

(-1f+l)). The coefficients c. can then be found by means of (6.7)" 

They can be calculated explicitly for k=1,2: 

m+1 n    ^        1 
1 C; (m+Oa1; 

k«1:  a,  *       ,. , •,,,  - 
1      ni+2 1       /..„N.m 

k.2.  Q m+2ii2(un-2W^) 
1,2 m+4 

°i • (sis - -2 sir) / (^(«,-»2)) 

•j ■ (sfe - --i sir) / (4'(vai» • 

III.7« Some Values of the Table of Coefficients 

Here are the coefficients a., c. of the quadrature formula (6,3) for 
J     J 

a few valuen of ra and for k»l(l)4 with an accuracy of about 25 places. 
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L> t--CM CO tnrH owe tnvo CO OvVO ONt—^T ONCO vo m 
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11 II *• i: ii i! II n 11 
*1 Wi « ! 1 t--' W M 

o m 
II II 



32 III.7. 

rH rH r-t CM tH T-l CM rH ^ rH rl CM TH CM rH rH CJ C« rH rH 
O O O Ü   C   O O  O O  C 0 c c C   O O C;  C   t.  C> 
O o o o o o 

1 
o o c c o o o C C 0 O  C   O  O • 

vH Övö S-rH O CM UN CM r ^ rH C, L'A in CM rH Cs)Ärvr> 
cc in K^. äTC^ H^ CM t- O L'> cc rH rn iT rH CM \S, VÜ rH rH 
AT r ^ r-l TH CM AT *-i in in r-1 r\n K^, f> h- c^-r- CO rv 
cr L^rH OVOOO IX.t^-ifVi'. C> rH C, c c rx t-v.- Lr..=f 
tt r-vr OJäT rH t^- c. o m 00 \C v.- ^rsr cr» r-i c:-. r If•• 
00 »r- CM CM t— C t^rH inc^ (M o  t- CxC>C. CM CM IT. tH 
o. CA r ^ Vf> t-K-. covn c t>- CM r-ro mro c: . V.c: rH fn t>- 
r^ rH   O t-K>t- (\! t^-K' C-. \D c, c-. hninm f-rH I^K. 
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IlI.e. Sffegtlvg Formulas 

To calculate the integrnla (^.2) by means of (6.3) vre must evaluate 

D-D^. at the point 

(8.1) xo+:i
()
h SIi ^j    »    y(xo+Qjh) =; n-j 

If wo want to do thia by meany of the recursion formulas of Sec. II.6. 

we have to calculate the expreoaiono TY. I    with the formulas of 

II.2. first, becauoe these are needed for the general recursion fornul- 

Then, the formulas of Sec. II.6. give the expressions (cf. (II.6.1)) 

r- -    l"V\l 

where (cf. (1.3)) iteration must be started with the values 

and whore we have to put 

x - x. - ...» 0 o   1 

for the independent variable x and 

c" m C.  »  ,,,  m 0 
0 1 

for a constant c. 

Nov:,  the formulas  (6.?, 6.3)  assume  tho form 

Vh (x +h.|)a r 
(8.2) \    ——  fM'V.l df 

x0       al l-2     xJ!.y(|)5 

^ -     . 
= h SoAx +h-x„-a.h)a!Y.    i 

= ha+1 2   c.(l-a.)a|Y,   1 

0 M 

, a+1 =  n 
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v.'hero the quantities 

(8.3)      yia - 03(1-^)" 

can be prepared at the very bofcinr.ing. 

III.9» Choosing the Orders n> a, and k 

For choosing k, i.g.» the number of ':he base points used in the 

quadrature formula (8.2), it i? important to consider that tho errors 

of the quadrature formulas and the aethodical error caused by broakinr 

off the Surloa (2.1') ahould be of the sane order of aagnitado. Other- 

wise, xt would make no sense going through tho trouble of calculating 

higher terras of (2.1') whil^ ar orror ten tines as large has already 

been coraaltted In the quadrature of the first (nnd usually l",rgost) 

integral. On the other hand it imkos also no O'-nse to calculate the 

integrals with particular accuracy in view of a large breaking-off 

error. We shall therefore try to choose k in such a way that thvi quc- 

drature formula is of at least the same order as the method, but the*- 

its order ie not auch higher either. Aß is known, Gauss's quadrature 

formula with k base points is of thu order 2k. By Means of th? lemma 

in Sec. III.6 wo sucoooded to split off the factor tm fron the inte- 

grand (cf. (6.5))« Therefore, the order of the quadrature formula har» 

been raised to m+?k. The method, on the other hand, is of the order 

n+s+l (cf. Sec. III.5). Equating both orders 're have 

(9.1) k*S±l 

ilence, k should be about half as great as thu number of integrals 

used. 

The choice of a and s ia a quet-tion of the differentiability proper- 

ties of the differential equation as well as a question of expenditure- 

^ith the quoted recursion formulas, labor is approximately proportio- 

nal to (m+l)m+2k(s+l)(s+2) or, with (9.1), to (m+1)a+(3+1)2(s+2) ; 

thus, it increases with s much faster than with M. Minimizing this 

expression under the subsidiary eondi'tion of constant order ra+s-fl 

one finds (s+l)(53+5) = ?ir+1 ■ Vaxv-  -pnlir-, to the combinntions 
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a I 0  1 i 2 ; 3 i 4 

a I 2 : 8 116 |27 I 42 

The choice of n and s is .ilso a question of the desired accuracy. The 

influence of m and s on the results depends on the magnitude of the 

constants M and K of the theorem in Soc. III.5- A nothod of higher 
3 

order is always better than a method of lower order, if the error 
limit is small enough. Usually, m is chosen between 5 Q-nd 20, s betvoo- 

0 and 5. Then, with the limits of acciracy chosen, one tries to fit th 
step size along the solution. 

III.10. Estimation of Error 

The (methodical) error committed in one step may be estimated by inean^ 

of the theorem of Sec. III.5 (o.g., by regarding the difference 

y(*)-y(x) as the error in y(x)) or by directly estimating the remain- 

der formula ^.l")« The latter caso v.'ill be considered here. We may 
replace (P.I") by 

for, owing to (2.1") 

0 Vy(f) 1Jf.y(!r 

ia the error in the solution obtained from (2.1') when y(x) is used as 

n  starting approximation. But owing to (5-2, 5-3)» we have for this 
error 2 

i"  ,    j s+11 

R**(x)UMx.xoira+1 -2 ol L 
10  '     0    (m+1+2(9+l))! 

* 
i.e., its order is much higher than that of R.  , therefore, it way bo xs 
neglected. 

The following lemma, which is about the order of the integrand 
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(10•^,     ^'■^H^'l.nJ 
is useful to an expedient evaluation of (10.1). 

Lcmraas From the Lipschitz condition (5.1) for D8f.«D8 y. and from 

yi(x)-yi(x) = o((x-xo)
m+1) 

it follows that 

z.Cx) - 0((x-xo)
m+1)        (i-1 n). 

Proof; Prom the theorem in Sec. III.5 follows yi(x)-y.(x)«0((x-x ) ) 

This relation and yi(x)-^i(x)=(y.(x)-yi(x))+(yi(x)-^i(x))-0((x-xo)m+1) 

together V7ith the Lipschitz condition give the stntomont. 

Hence, vc have 

(10.3) z^x)  .  (x-x^^Z^x)     . 

V/ith this expression we approximate the integral (lO.l) by means of a 

quadrature formula which uses only the point x +h, i.e., the end point 

of the step of integration, as a base point. The function 

(x-^)s(«-xo)
iri+ is split off as a weight function. Therefore, we put 

x +h x0+h 

(10.4) \  (xo+h-0
Sz1(!)d^  j (vh-^S^-xo)n+1zi(?)dj-cZi(Vh)  ' 

0 0 

\7e determine the weight factor c in such a way that (10.4) is fulfilled 

exactly if Z.(*) is constant. This gives 

3 !(m-H )! ,m+s+2 
0 " {eln+2)\  h 

Inserting this weight factor in (10.4) v;o find the approximate error 

x +h 

(10.5)    R.3(x)i/R*s(x) =    (xo+h-i)
Szi(f)df = 

xo 



38 III.11. 

.8+1 aKnH-l)! m  t     .. \ e h  fitSaTI V Vh) " 

(.^äjl  <lYi.8+lJxJ(x) |Yi,8 + lJx^(x). 

(cf. (10.a), (II.2.3)) or, ov/ing to (II.2.5) 

I     I 
^!l^J(x)"^i»8+1ix,y(x) <10-6) Ri.^^s+1 ÄHKv J    -iF 

III.11. Numerical Examples 

With several simple examples having known solutions we studied the 

efficiency of formula (2.1«) with (4.1),(4'1'Mfl.2) and of the re- 

mainder (10.6) by means of the subroutines represented in Knapp-Wanner 

/29/ or Wanner /5l/« In particular, we examined the question whether 

increasing s and simultaneously decreasing m, so that the total order 

m+a+l remains constant, has a favorable effect on the result or not. 

In eleven out of twelve arbitrarily chosen examples, the result was 

positive, whereas only in one P. higher number of Taylor terms turned 

out to be more expedient. Here arc the results of the example 

l)       y' = 1-e'y(sin x - cos x)  , y(0) - 0 

with the solution y(x) « log(sin x + ex) . The data given are the 

size h of the single step that was calculated, the orders m and s of 

the formulas (4«1)»(2.1'), the actual errors of the Taylor series 

y(x) with m terms, the errors of the Lie-scries solution (2.1')» and 

the estimate of the error given by the program according to (l0.6)i 



A 

0,125 

0,250 

0,500 
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n 0 Error in y Srror in y Estimates of error 
j 

 -- -   •-• ■ 
...   I     - —  

18 0 7,? .  10"15 5,1   . 10-17 3,1  .  10"17 

15 5 
1 

2,5  .   10"11 1,45. 10-20 i 1.0 . 10-20 

8 ; 10 ; 
i                  t 

8,2  .   10"fl 4,9 . 10-21 l 1.5 .  lO"21 

18 0 : 5,25. 10"9 2,0  . 10-11 ■ 1,9 . 10"11 • 

15 ■ 5,19. 10"7 6,6 . IO-1' 3,3 .  IC"15 

8 •   10 5,62.  10"5 1,8  . IO-1' 0,2  .  ID'15 

18 0 1,5 . 10'r' 6,5  . ,o-6 ' i 6,2  .  10"6 
I 

15 ; 51 4,1   .   10"? 1,1  . ID"» 4.7  .  10-10 

8 10 1,5  .  '.0*? v,5  . 10-10 : 0,08.   ID'10 (• 
.'.. „  ...                . ...       _    —   „... i -.,, .^    - . .. .  .^ . .... -  

Tnylor's soriGS, which convergä« only for h 50,5885...  cannot be uoer1 

.?c.r h=0>5 (also 0,25)» Yit,  the Lr.« series correction gives good re- 

aulia, Sstimntion of thu error is satisfactory, especially in the car 

of   1 ronsonalf.lo step aiüo end fo?  the  (ajual) smaller Vvilues of s ond 

f; -ntc-r valueu of m (cf. Sec.  III.9)« 

3)  Gonparison with RunRa-Kutta-Fohlberg; 

Differential equations of rostrietöd three body problem: 

y1 ■ y2 (y'si-v) 

^ = ^i + 2^ ~ v' - 

y5 = y4 

((yj+y)2^^572      ((yj-uM^y^)377 

73 y- 
4       J        2 ((y^v)"^)3'-       ((yi-u'r+yp1^ 

ivi'^h this equation» in Durham /10/ a cornp?irison of different 

irothods aas carried out and there  the method of Fohlbcrg 
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turned out to be the best. 
Usinc their initial values for three different Arenstorf orbits 
we reran these examples with our wothod, taking m=13, ss3. 
For comparison the results arc presented in the following table 

Table 

The errors Ay. represent the amount by which the initial con" 
ditions failed to be duplicated at the end T of the orbit 
(yj-axis crossing) for the y. coordinates respectively, 
Pehlberg's results are taken from the above mentioned report. 
Figures of the orbits and the: exact initial datas can also be 
found in /51/. p.106-110. 

orbit number' 
; of j positions 
isteps :&y1    | Ay, 

IS? 
233 

395 

219 

284 

214 

velocities imethod 
,Ay2  lAy^ 

0.3 Inot given 10.07 il rten 
0.00510.010 

0.05 

0.009 

iO.l 

!0.005 

not givon 0.1 I 

0.028 4.635 

not given 0,0| 

0.011 

0.004 

Pehlberg 

0.005 Lio-serics 

1 Pehlberr 

O^SliLic-serioa 
i 

2 iFchlberg 
!   'I 
11.783i0.691'Lie-series 

IF •J: 
in units of 10 

•) These values are probably not correct, since the connection 
matrix for orbit 2 after one period is 

3.10»103 6.03*10° -9.37»102 -1.9U101   \ 
1.72*106 3.14»103 -4.88«105 -1.06*10^ 

H(T) =  | LOS^IC
1
* l.yitlO1 -2.97«103 -G.SO^IO1 

4.76»105 9.25«102 -1.44»105 -2.93»103 / 

This has been calculated with using 6 terms in each step. Thus 
the derivatives of ypCT) with respect to the initial values 
(second row) arc dominant. During one period, six digits arc 1< 
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3) Lxamplo for a boundary vrtluo prob lorn; 

,/; = y2 

yl = uxp y. 
y^O)   = y.   (1)  = 0, y2(0)  =  ? 

Since y0^ 1" not known wc nucss yt end calculate the corres- 
nondins trajoctorics y*(x)^ y^*)' If yJd) ^ 0 we correct y50 
,.;:::[i Ucwton's ii'othod 

^o 7* 
y:(i) 

IL9(I) 

•24 Vt-c convw-ricencc was as follQw?!  (y-lO      ,  total time 5 seconds): 

-0 Jll 
-0.-'46:58 

-0.^6363259167 
-0 .'16363259172^62261731114:) 

•0.'-i6?63?591T2426226l7313i!95. 

ihiSj  of course,  is a simple exairjole only. Other examples for 
avUüdui^y vaiuü problems are carried out in /22/ p.73-91*. 
nil computations wore carried oat in double precision  (26D)  on 
i-lic CDC 3600 at tho 'lathomatics Research Center^ Iladison 
'./i.'iconöin. 
further Examples can be found in the Chapter on step size 

control (Ch. VI.). 



45 

Chapter IV 

Qi'öbnor'c Integral Equation and Convergence 

Proofs 

by Q. Wanner t.nd H. Reitbergcr 

In this chapter we give a now proof of the intDEral oquatior 

of W. Oröbncr. It is a ^enoraliaation of the v;ell-known 

''variation of constants forr.iula" to nonlinear cases. It 

makes possible an easy approach to the formulas of the 

preceding chapter and to a number of further methods. 

It also loads to many iteration methods, for some of which 

\to  give convorgence proofs. 

Our thanks go to Prof.V/. Oröbncr, K.H. Kastlunger and K. Eglo 

for thair helpful discussions. We further wish to acknowlcdp. 

the sugjicstions of Prof.'J. iiahn, Graz, 
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TY.« 1 —The Int ogral. Eqyatipii of Groebnor 
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in this equation appear ierivativeü  of the solutions with respect to 

the  initial values y . Therefore  in this chapter the following changed 

notation ia preferable: 

Wo denote by    v/v        -, •,)•,.        \  j.     if(X,x,y)    reap.  ^A,:',y) 

the  aolutiona   of the (iiff^rontial equations (l. 1,1)reap.(II 1^1,1).   Ifenc 

(1.1) *%?*£ , f(x,Y(X.x,y);       d?(X
at
xt.Y) ,  ?(x,?(X>xty)) 

•vith the  initial values xyiY{  thuc vsith 

(1.2) Y(x,xfy) - y      Y(x,x,y) =-- y 

This means,  that the dependtneo of tho  solutions on the  initial value. 

>., y are nov; kept in inind. SpeciallBation of these to the prcscribud 

initial values x.» y    leads to tho functions  of the preceding ehapteaj 

(1.5)      Y(x,x   ,y ) = y(x),      Y(x,x  ,y  ) - ?(x) 

The cormoction between tho wantod solutiün Y(X,x,y) and the approxiaa- 

aclution Y(X,x,y), vvJiich is assumed to bo known, is given by the follc- 

wing theorem: 

Theorem;  If f, f and »fUty) 
ay 

are continuous, then it holds that 

? 
(1.4) Y(X,x,y) - Y(X,x,y) + J [B V(X,i,y)] 

j:,Y(?,x,y)  ■> 

whore 

V   IM*-v) - fi(-.i'); t- 

Proof; From ||-c:C it follows that  Y(X,x,y)( «■ C1 (of.  / 6/, p. 25^ 

Y(t,x,y)       Y(X,x,y. 
We no-/ differentiate the  idontity 

Y(X,x,y) «  Y(X,J,Y(^,x,y)) 
...T_ r 
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with respeot to t and after that put t »x : 

0 , aY(xtxllY)   ^ f(x,y) &&**£ 
ax y 

1 j- A/ Thia is poaaihlo bocnuao of Y€C   .  Finally wo insert £ for x and  ik>»'i 
*» -> 

for y: ^ 

A similar differentiation of Y(X,^,Y(f ,x,y))    vtith respeot to £ yiclc1.,' 

(using chain rule again) 

- Y(X ? Y(i x y)) - j" dY(Xtx..Y)  + f (x.v) Miiiudl 
■» - Jfcf*\Ffx»3 t»Y(fc,x,y) 

Finally we subtract this from (1.5) and integrate from x to X: 
X 

j  r(f(x,y) - f(x,y))|- Y(X.x,y)l . df - 

X * 

- ^Y(X,fc,Y(^x,y))^   - - Y(X,X,?(X,x,y)) + Y(Xfx,Y(x,x,y)) 
u   a  *     x 

- -Y(X,x,y) + Y(X,x>y)      (of. (1.2)). 

Thus, (1.4) is proved. Tho rliffcront arguments £ and x in v'X,^,y) 

do not mind, since they arc oqualisod hy the substitution rula x ->V> 

y ^Y(^,x,y). 
J Done. 

This integral equation was found first in I960 by Groebner for ana- 

lytic equations. It was rediscovered in similar form (cf.(3.l)) in 

1961 by Alelcseev/54/. The above given proof io similar to that of 

Mekseev, 
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?y.»2. A Gdneralizatlon 

The above integral equation can be generaliaed in the following way: 

Theorem; If f, f, -r- are continucuc, P(x,y) is oontimzously differentLiVlf., 

it hold a that 

F(X,Y(X,xty)) = P(X,Y(X,x,y)) + 

X 

(2.1) +  ffD9 P(X,Y(X,s,y))]  A      dj . 
^L 2       >       Jt  ,Y(c,x,y) ^ 

Clearly (2.1) ooinoidea with (l.^J if F(x,y) & y. For analytic equations 
this formula has first been recopniaed by K, Egle ( of. QSR Nr.1). 

Proof; First differentiate F(X,y(X,^,Y(£,x,y))) with respect to € , 

|^F(x,Y(X,|,Y(|,x,y))) = 

/iF(X,Y(X,c,Y(S,x,y))). faYfX.x.y) ^ f(x.y) ^%^1  A 
' ay    5 "     I      Sx 9y  ■'l.Y^^^y) ' 

Text we multiply (1.5) by -57 F(A,Y(X,^tY(t,x,y))) and subtract the tv.- 
formulas: 

- |r F(XfY(X,J-,Y(^,x,y))) = 

« j(f(x,y). ?(x,y)) f(XfY(X.x,y)) ^Stil]  A 

= f(f(x,y)- f(x,y)) |-FiX,Y(X,x,y))l  A 07 - ^Y(^x,y)  . 

Inuegration from x to X now yields the wanted integral equation (2.1), 
since agnin v 

r- F(X,Y(X,j,Y(^x,y)))]  - - F(XfY(X,X,Y(X,x,y))) + 

+ F(X,Y(X,x,Y(x,x,y))) = - ?(X,Y(X,x,y)) + P(X,y(Xfxfy)) 

Dene. 
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IV,5    A Volterra Integral Equation 

A    .   . 
Interchange Y and Y in C1.4): 

X 

-I>2 s,Y 

This yields the fol.owing Volterra integral equation for the solution Y 

A    8f(x.v} 
Theorem« If f. f aijd  ^*tl'/ are continuous, it holds that 

If. 
(5.1) Y(X,xfy) = Y(X,x,y) + '-X ?(Xfft,y)]       dt. 

f,Y(|,x.y) 

In addition, if V{x.ty)  is a continuously differentiable function, yo 

have, 

(3.2) P(x,Y(X,x,y)) - P(X,?(Xfx,y)) + 

+ k* P<Xl?(X'i'y))3!.v(!.x.y) 
dJ 

These formulas differ from (l.4) and (2.1) only by the exchange of f 

and Y under the integral sign. 

IV,4 The Variation of Constants-Formula as Special Case, 

ijQt  f(xly) be linear in ys 

Y' - f(X),Y 

and let P(x) » (Plk(x)) be the fundamental system of solutions with 

P(x) = I (identity matrix). Then Y(X,j,y) - P(x)P'1(t)y »«nd 

J-,  Y(Xf£,y) - F(X) P'1(f.) . Thus for the solution of 

Y' = f(X)Y + a(X,Y(X)) 

- . 



IV.5. 49 

(5»1)  reads •"is follovm: 

ytf.) >1(CA f4.l)    Y(X,x:y^ « P(X)y +    )   *'*) v^(<.)  p(^,Y(f,x,y))clf    . 

This, however, is nothing elsr than the Variation of Constants-Formu^ 

for inhomogonGous linear iliffercnclal systens. 

This shoves, that (5»1) acts the sane part for nonlinear equations, 

than (4«l) doäs for lint a" oquitions. I.o., it has npplicr-.tions to 

asynptotic thuory of difforLntif.! oqun.tions ( o»$« i/aaow /5?/»P«^i »' .. 

to ocibility theory (?. Brauer /yy/,  kl-jkeaev  /54/) -^r to tho treat- 

ment of stiff differential oquationr,. This wo hope to discuts in a 

later report« 

IV,5 Proof of the Formulas of Section III»? 

Tho series of the preceding chapteT' arc nor simply obtained by in- 

eerting the Taylor series of the solution 

a-0  , I '|.Y(i/,(j,y) 

intu  the right hand sidr;  of (l«4)j 

'[»YOjiiji 

JL.  r iZzDl (5.?)      Y(X,x,y)  - Y(X,x,y)  +  f'        ^f- (D0Bay|    A ^    + 

^    :> 
+ Rg(X,x,y) 

with 

^    r   '     ■ L a''.Y(V.E,y)-   t ,Y(Ux,y)   ^ ^ '^t 

or by interchanging the order of integration. 

■l- d 

x x '      J';,Y(v|,£,y)    t,Y(^,x,y) 

The  inner intogrnl  of  this  can no- he  evaluated with the help of 

.-enorallzod integral .qurtior  (?.')   to give 
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Thoorcm; If f, ^f T~ are continuous and D8"4" y is continuously diffo- 

rontiablc, formula (5.2) is valil with the remainder 

(5.3) Vx.x.y) - J ^)l{p8+V  /   x .&)
8+1y] .    j drj 

8        x       V     '.],Y(Tj,x,y)       irj,Yh,x,y)J 

Proof: Under the given conditions (5.1) and (1.4) are valid. (2.1) is 

used with the function 

P(xiy) - •^57*-D8+1y  and 7/ith X replaced byVl. The stated cr. 

ditions allow this application. B 

(5.2) and (5»3) are nothing else than the formulas of III.3» if trans- 

scribed to the original notation. 
8+1 

Remark: Knapp,/26/, has proved (5*3) under the weaker condition D  K C. 

Following we prove the formula of-Groobner in III.1: 

TV .6 Convergence for s -»• oo 

Theorem; If the functions fi(x,y)t i.e.. the operator D, are analytic 

in some domain, then for a sufficiently small h»X-x (5»3) converges tc 

zcro« i.e. we have from (5*2) 
o-»   X 

(6.1)  Y(X,x,y) - Y(X,x,y) + 2. / -^^ fD D0y ] A     d^ , 
5  - Z   J|,,Y(|,x,y) ^ 0»O  X a! 

the formula of Groebner stated in III.1. 

Proof; Since D is analytic, it can bo majorized by the operator £> whi 

is in one variable only 

N   J D<<i <_i 
(l-f)flZ 

(of,   o.g.  Groebner 722/,  p.  30iand Groebner-Watzlawek /22/,  p. 225). 

Thus 
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(6.2) |Ds+1y| < As+1z S (2S-?)(2^5)...1.N- 
ps(l-2/p)2s"1 

Next we shift the initial values y to the oricin and choose 

h=X-x so that 

(6.5) |YU)| i §• J-i(c)| < for xscsX. 

Inserting (6.2) into (5.3) WVJ obtain 

iR. < f ^i^--  (2s-3)(2s-5) ir 
*?  ' 

3"11 
P  1(1") 

?s^T (l-J) ?x?s-i 

sc2s(2s-2)(2s-H).. 

i2s.s! 

«2 
.2S-1 

Hence 

!R I ,233r (x^ 
31       p8'1  S + l 

3 + 1 

8N(s+l) L 

and thus 

if 

lin R = 0 

3N(X-x) <1 

p 

or    h =!X-x.|< fa 

\ dC 

i22s"'1  (6.2) 

Done. 

Remarks; 

1) A second proof of (6.2) is possible by inserting the infinite 

power series into the integral and assuring uniform convergence 

.'hich allows interchange of summation^ integration and differen- 

lition. 

j) Ztill  another proof (the iiifalorically first one) was given by 

jf^bner by rearranging the power series for the solution Y in a 

special way (cf. e.g. Gröbrer /22/,p.35, Knapp-Wanner /29/rfp.29). 
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j.V.7. A General Process 

Formula (5.2) has resulted from insertinp; a Taylor series solu- 

tion into the integral of Gröbner's integral equation (l.M). 

This leads to the idea to insert any approxittiate solution 

Y(X,^.y), say, of order s. We thus obtain a new approximate 

solution Y(Xj,x,y) given by the formula 

(7.1)   Y(X,x,y) = Y(X,x,y) + / [DpY(X,e,y)]  .     d4 . 
x c C,Y(C,x,y) 

Theorem. If Y ia of order m, Y is of order s, then, under 

appropriate differentiability conditions, Y is of order m+s+1. 

Proof: Because of the order-condition, the error of Y is equal 

to +* 

error of Y(X^,y) = i^l^- F(x,^y). 

The error of Y is now obtained by subtraction of (7.1) from 

(1.4) 
X ^ 

error of Y(X,x;y) = / ftMerror of Y(X,e,y))J ^     dC. 
x  2 C.Y(c>x,y) 

Again^ as in section III.6., D.., contains the factor (e-x)1111 

and wo thus have 

error of Y(X,x,y) = / iXli^p. ÜI^ 0(c,x.y) [|^P(X,C.y)] ^ 

Since (X~03+ (t-x)111 does not change sign in the integration 

interval, the mean value theoroa can be applied and yields 

error 7(X,x,y) = / (f^i)| ^^-dC G(e,x:y) L|yP(X,o;y)J A 

*~ Tx^xT1^^2     (X<9<X) 
(m+s+2)l 

thus,. Y is of order m+s+1. Done. 
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Remark. The Theorem in section III.5 is related to this. 

Hence,  to each pair of methods with orders m and s and with 

solutions Y and Y resp., formula (7.1) leads to a new method 

;/ith order im-s-H and solution 7. The Lie series of Chapter III 

is obtained by inserting m and s terms of the power series 

expansion. 

IV.8. Iterated Integral Equations 

Still further integral equations are derived from (1.4) and 

(2.1) by iteration: 

(8.i) Y(X,5 Äy) = y(x,£ ,y) + /   fD-m^^y)'^ dq + 
^o   ^ zl 

X    X + / / iw^-^»^ -L ah(Hi - 
?o ?1 * z2 zl 

and 

(3.2) P(X,Y(X,co,y))  = F(X,Y(X,50,y))  + /   p)2P(X,Y(Xle1,y))]Ad%^ 
5o "1 

X    X 
♦ /   / [D2[D ?(x,Y(x,c2,y))]^ ^ dCpdq 

Co5l z2  Zl 

where Z^JL*..  denote the  follovjinc; substitution rule 

(8.3) zk = x*5k>y*Y(€k,Ck^1>y). 

Still more general equations are derived after repeated 

iterations. 

The following: theorem is obtained by the repeated application 

of the preceding theorem (section IV.7)^ 
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T’leoreir.: If Y is of order m, Y is of order s, then, under 
aripropriate differentiability conditions. Y which is defined by

(8.4) Y(X,Co.y) = * ( [^(X.ei.y)]^ dCj ♦

X X

*2 H
ir. of order 2m+s+2. Done.

r^oirarks; 1) The insertion of a power series for Y leads to the 
series with multiple integrals as given in Wanner /51/,P*73-74

2) The order of the analoguous formula with an r-fold 

integral is rm»s*r.

IV.9. Iteration methods and convergence proofs

•V^e formulas (7.1),(8.4) etc. can be iterated in many ways, 
mere are possible iterations v/ith respect to Y, or with respect- 

bo Y, cr both. A ni’niber of methods appear as special cases; such 
ae the iteration methods of Picard or that of OrSbner-Knapp, the 

.Tiobhod of Poincare and so on. Por a few of these iteration 
methods convergence proofs and error estimates now are given, 

foi* others we have not yet found them.

IV.IO. The Iteration Method of GrSbner-Knapp

This method appears^ when (7*1) is iterated with respect to 
Y while for y the first s tensas of the power series solution 
are insei'tcd. Thus we have the iteration process (cf.(5*2))

(tO.l)

vU‘M)
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Al.-1' 

v(r)' = ?(r)(;.jy(r)); ,,(.) , »_ , ?(r)(Xiy) |_ ' 
cX 

starting with Y(o)= Y. 

Tho oonvcr^cnce follows from rouation (III.5.3) under the 

condition that D'  y satisfiors a LipschitKcondition. If tho 

Lipschits-condition is asaurcd only in sono compact domain D 

(as usual with nonlinear equations), further considerations 
Ir) ara necessary to assure that the iterated functions Yv ' do 

not leave B: 

Theorem: Assume that the Lipschitzcondition (Ill.Stl) for the 
:s+T 

i~tL±.i. 

functions D  y is satisfied in the domain 

(10.2)    B = {(C,r,)!x*csx+aa |yi-ni|ib) 

and that the approxiuat.^Golution Y satisfies 

(10.5).  1^(5.x,y) -■ Yi(?,xJy)i < M -Lf^fjy- 

for xsC-<>r'+£.  B'urther h-X-x should satisfy 

. ra+1 
(10.4) 

(10.5) 

M    n    - ü 
'*  (n+1)!   s  ? 

K.nhS+1 

X5.^SX+h 

(j0-5)     (ra+2)(!n+Trr:niHPi+?T - :L 

Then the iterated solutions Yv   '(4,x,y) of (10.1) do not leav 
B for xsf,,<x+h and the^iter.^tions are arbitrary often possible 
and^converge to the s01ution sith tho error estination 

(10.7)   lY^c.x.y) - Y^U,* „;,   5. MU-xl"1« Sii^UrTT ■ 

Proof 1) First we shov/ that tho functions Y^r' are acain 

(r+D-t^raes diff.?rent:iablc; since only for rjK
r'5 the 
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formulas (5.2),(5.3) are valid. This wo simply show by (s+l)- 

timos differentiating R_ in (5.3): 

Usinc the well knovm fonnula 

„S + l     X(x.03 

dxs+1 x  SJ 

we obtain 

,3+1 •^s+l. xS + l. 
sTT R8(X,x,y) = [D8+1y3   - [D8*^] ö 

dXs+1 8 X,Y        X,Y 

which is continuous. Now the assertion follows from the fact 

that Y(X,x,y)c Cs+1(cf. section II.1). 

2) Next we confina that the iterated functions do not leave 3: 

First by (III.5.3),(10.1)>(10.6) 

do.0) iYi-y[1)|1i 
5 

(ra+l)I       (ir>2)..(m+s+2) 

Si 

• !> 

4 
again by (III.5.3) 

(10.9)   l^-Y^ls 
nlC-xT*1 K nU-x|8+1        K n|5-x|8+1 

(m+l)I  (m+2)..(m+8+2) (m+s+3). .(in*2s+3) 

<1 <1 

•I 
— -N-" 

4 
and so on. 

Thus by (10,5) and the triangle inequality 

|yrYir)i * tyrYii + ivYir)i *b- 
si 4 

(10.7) follows by induction from (10.8),(10.9),.. by (III.5.3) 

Done. 

Remarks. 1) The number m in (1C.3),(10.'I) need not be the 

greatest possible. Porhaps sometimes (10.^1) may be less re- 

strictive lor smaller m; (10.6) however is not. 
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2) The theorem is essentially due to K.Knapp, the 

: r-ocT i*? new. 

3) Wo already have a convergence proof for an 

arbitrary x, not only for finite sections of a power series, 

?.nd we are at the present working on its simplification. 

IV.11. Picard's Method as Special Case 

The method of Picard come? out from (10.1) by putting s=0: 

Y(r+1)(X,xsy) = Y(r)(Xax,y) •:• AD<r)y]  (TM 
x  c        c,Y^ ' 

f(r) 'Wtr   v(r) 
>: x 

X 
Y(r)(X)+y 

-(r) 
= y + / fU,r ;(C,:K,y))dc, 

x 

•/hich is the v;oll-knovm iteration of Picard., 

J:V.12. £oiS£areJB iicthoc of Parano^er Expansion 

Is (71) itsrnted v;ith respect to Y while Y is kept fix^ we get 

"oincare's method of parameter expansion; i.e., we obtain the 

solution expanded in powers of a small parameter. 

To show this, assume that the operator D, is multiplied with 

a small parameter, say e: 

D2 = t:D0 . 
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X 
(12.1) Y^^U.x.y) = Y(X,x,y) fr+ / [D*Y(r)(X,C,y)] ^ 

x 5,5 

starting, say, with Y^0'=y. Inserting for Y^r' again and again, 
it can be seen, that Y is expandod in powers of €(in simplified 
notation): 

(12.2) Y<r+1> = Y * e/DjY + c2//D*D;Y + ... ♦ e^V/D^Y . 
r+l r+l 

Subtracting this from (8.1) (more precisely: from the (r+l)-time; 
iterated equation similar *o (3.1) 

(12.3) Y = Y +e/D2Y ♦ ... + t**1j..tv*  .»$  + er+2/../D*..D*Y ) 
r+l r+l        r+2 r+2 

we obtain for the error 

(12.11)       Y - Y(r+1) = er+2/../D!..D!Y . 
r+2 r+2 

Wo again consider the example 
y1 = /x + /y, y(0)aO 

which is known as an equation which poses difficulties to a 
numerical integration (cf. Rosser/42/, Cooper/8/). Again let 

f = /x, D2 = D* = /y ~ , e = 1. 

Then the above expansion beconos 

y(x) = | x"2 + f| « XTA t 1 x2 t f| ^ ,9/". + -. 

whichrf for small x, gives an exactitude of hundreds of Runge- 
Kutta steps. 
A convergence proof of series (12.2) is given in section IV. 14. 



IV.13. 59 

The actual determination of the aeries (12.2) is mostly easier 
by the usual expansion as e.g. it is described in Knapp- 
Wanner /28/;) section IV.2.. 

IV. 13. Pov/or neri-js as special case 

Put 
Dl = -b D2 = | fi(x»y) Wl*   ' ' ^ D2 S D2 

then 
YU.x.y) = y, 

and the process (12.1) reads as follov/s 
X 

(13.1) Y(r+1)(X,x,y) = y + / f(C,y) 77Y(r)(X,c>y)dc 
x      ' 

a method., which is connectorl T.rith a power series expansion 
in the- following way; 
Proposition;     In thw case cf cutcnonous equations, (13.1) 
Goincides with the method of power series: 
This IF seen by induction: For autonomous equations f(x»y) does 
not depend on x and we havo for (13.1) 

Y(r+1) „ y + f(y) i^ i    y(r)(x,5,y)dc. 
* v—4*' x 

D 
Thus if  .v    r ,v v\a y^) =  c (X-x) JJO 

a=o 
a] 

then 
Y(r+1) = y +  J D /"* Utj}*  dc Day 

a=o  x   «' 
 0:-x)a+1 

and with 0=a+l 
r+1 /v_..\t-i 

"e 
(»D  r^ Mrx): I)By 

(j = 0 
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IV.lA. Convi-rftancü proof of Poincare'a nothod 
r 

The folloojint; convergence proof of the iteration (12*1), 
starting with an arbitrary analytic function 

v=o 

has been worked out together with K. Kuhnert. 

First get a majorization operator 

A =.   N   d_ 
0 ' (1-z/p) dz 

for Ds D1J DJJ as well as eDp = Dp. 

Then 

(14.1)   Y(X,x,y) - Y(r)(X,x,y) -< 2 \  (gj^Zf^^g. 
a=r 

where the symbol -< denotes majcrization. 

(14.1) is proved by induction: 

rsQ;. 

Y(X,::9y) - Jf(o>(X.x,y) = J &3QLL  (Daz - UJ«) 
a=o 

r« 9 /^ a=o s_r> 
= 1 

r-^r+l;   x 

m.x.y) - Y^^^X.x^y) « e/  [D^Y-Y^J^ de 
X     " Zj 

v      asr Vr/   a! r  (ft-X^Y V 

Y = C   T 

Application of the comutation theorem (of. e.g. /22/,p.l7) 

and rearrangement of the double sum gives 
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a=r Y = 0 '  ^X_- Lv L / 

(a+V+l)! 

and with 3 = c l+l+Y 

Y-Y :r+l) 
< 

CO 

2      I 

1:0 

■x)f 

61" 
A6Z 

Done, 

Next we transform tha initici values y to the origine and sun 

up (14.1) for r=0,la..: 

80 * /«        \ Ci 

r=o a=r 

a=o .r=o x  ', 

which converges for 

lx"xl ^ 5|f • 

Thus  it is nocwssarily 

lirn  (y-Y(r))  r  o. 
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Chapter V 

Runge-Kutta Processes v;ith Multiple Nodes 

by K.H. Kastlunger 

Abstract: 

xhe use of the differential operator D makes It possible to extend 

the methou of Rungc-Kutta In such a flay, that the power-series 

method, the classical Rungo-Kutta-method as «ell as the proces- 

ses of Fohlberg are contained as special oases. The generali- 

zation Is In such a way, that not only the functions f.(x,y) 

are evaluated at some Intermediate points,but In addition also 

the functions Df^ , D f. , ... , D fj .These new methods are 

advantageous especially when combined with the concept of re- 

cursive generation of the values of D f. » D  y. , as desribed 

In Chapter II . 

We first develop, the general form of the conditions for the 

coefficients of these processes thereby extending the results 

of J.C. Butcher / 1/. These equations become still more compli- 

cated than those for classical prooesQos. 

Next It Is shown that to each quadrature formula with multiple 

nodes thore exists an analoguous Runge-Kutta process with the 

same number of nodes and with tho same order.This again extends 

results of Butcher / 2/. 

Fehlbcrg's method is shown to bo nothing else than a generalized 

Runge-Kutta process with one m-fold first node and a few additio- 

nal single ones. 

Finally we give examples of explicite process and numerical example . 
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V.l. General Thoorv 

Notation ' 

Let the following autonomous system of ordinary differential equation? 

be given 

(1.1) yj- tfo^,,*,,^)  or for short  y«= f(y) 

with^the initial conditions 

(1.2) y^)- yi0   or  y(x0)= yo . 

Here wc treat autonomous systems, since then the following theory 

becomes more simple.This*, of course, is no reduction of generality, 

what can be seen by introducing x«yÄ as new variable with y' ■ 1. 
^ o o 

Are the functions f. analytic in a neighbourhood of y. , then the solutir 

of (1.1,2) is given by the follov.ing power series 

' oo (x-x ) .- v n    OJ  . k. ^A  , 

KBO KKC 

-iith the differential operator 

j-i 0 yd 

Again the symbol [•••]£. moans that after all differentiations the initial 

values x ,y arc to bo inserted. 

Elementary Differentials 

Definition^Butoher / 1 /, p. 18?) 

{1} '.^ f is the only one elementary differential of order one; 

(1.5) PU , F,...F. , :- f   F, ...F  ^—^ 

»feSES    Fi=  (Pii»»"»Fin^ 
is an elementary differential of order r and degree s  ,if F.  arc 

elementary differentials of order r.   : 

order r:    r»= r1+...+r,+1 

degree s:    s«= number of F.,  vthi-ch constitute F    , 
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more generally; 

(1,6Q)      P-{ P/...?/) := {F1...P<....F-...P<, > 1 » «J^, 1/     iflU^.   ft 

Is a elementary  differential of order r and degree a, 

whore 

(1.6b)  r» ^^.+...+^1 r +1  and a» (i1+...+ti  f 

In this notation the exponent may be zero also ; -we also define 

{P°...P°) :- f . 

Notation conventigp; 

For simplification no  now introduce the following notation: 

if v^fttttV are vectors v.- (v.^.t.fV. ), then we denote: 

d8    n a8 

more generally: with 
ö 

(1.8a)   s- Tj^ 

we write 

^1   ^cr d8 d8 
(1.8b)  v1 ...v  — :- y ...v.. - .V*-v<Jr .a. ^..8 

. 

•loing this notation (1.5) and  (1.6) nov; becomes 

(1.9) {»,••.».! •»,•..?, TJ . K1.;.»s'j"»i1-^9^f 
ay fly 

The following theorem about elementary differentials is due to Butcher / 1 

Theorem: Lr' f is a linear combination of all elementary differentials 

P of order r with positive integer coefficients a: 

(1.1o) Dr-1f-r aP . 1) 

Ord F-r 

The coefficient a of F« { P„'...F " ) is given by ^     Jo 

' The symbol   feg irr denotes,  that the summation is over all elementary 

differentials of order r. 
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0 1 /«!   \»i 

it-i- PV1 

where    a.  ayt^ tha ooefjioieats of F., r.  their orders 

and r  bho order of P. 

Fxamples: 

Df«      {f } 

D2f=  {{f }} + {f2} 

D5f=  {{{ f })}+ 3H f }f}  +{{ f2})   + (f5)    . 

A l.i.it of all elementary differential a up to order eight is given 

U /' /, pp. 191-195. 

'..' next modify the above theorem: 
r.-l        r± 

v.i.th    D        f= D    y»  2 0.1 FJ T'e have 
Ord F^^ 

r1 r ,  
i.1.12)     {  (D    y)...(D 3y)>  - 1 •••   2 ai,*,ots {Fr,,Fa} 

Ord ll
l,mT4        Ord F «r 11 s     s 

Theorem:  It holds that 

r~1 /      \ r r 
(1.15)    DVHZ {,.—^-frC (D 1y)...(D V)) 

t-1 r.+^+r^-r-l     *  rlI,**:rlil 

rj>. 1     t 

Proof;  Inserting (1.12)  into  (1.13) vie obtain 

t«1 r^.^+r «r-l -1!,,,rf  x, :vd P^   Ord P^r^ 
i^.^1   ' 

I4i is easy seen that all eltmcntary differentials of order r appear 

in this expansion.If we pick out one of these, say {P,. ...P ) , 

"j see that the coefficient of this is equal to 

This, however is exactly the coefficient a • 

"i . 
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Power Sories for the Rungo-Kutta Approximation 

The olasaioal Runge-KuttavmethoJ uses the following formulas for the 

approximation y(x): 
n 

(1.14a)    y(x>- y0+ h T o1g1 

and 

(1.14b)    gi. f(y0+ h Z-^ij«;)) • 

Thooe formulas arc now generalized in the following way: 

n » nurrber of nodes(etagen) of the method 

m m  their multiplicity 

(i.i5) g(k)- ^n^pi^^pi'M^-^l^^ 

i« 1        £■i i=1 

Remarks: 

1) For m«»1 wo get (1.14) again. 

2) For simplifioity we put 

o; '»c for k-m+1,m+2,.,.  , i=1,2,,..,n 

(1.17) (k) 
b;v-o for k»m+1,m+2,..,  , i, j»1,2,... tn 

5) The assumption that all nodes have the same multiplicity is not 

restrictive. Otherwise we put 

m- max {m1f...im } , m.- cjltiplicity of the i-th node 

(k) o)  '«o for k» m.+l,ra.+2,...  , 1=1,.,.tn 

(1.10)  /k) 
b^'-o for k»m.+1,m.+2,..,  , i,j»1,,..,n 

Theorem (Expansion Theorem for Runge-Kutta ): 

a) 6i  posessee the following power aeries 

(1.19)  H   - ^ Ri,,   i 
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i^ ,W the vectors R>   '  are du tomin cd -■toursivly: 

(1.2oa)    R^ -   [Dky]o k-1,2,.,. 

• —-r      T 1      .        , . . '.^   S   «   <  • K      ! J   , Jlj  ...      rl | N j 
T- I M.-r. .k+n  -L   1 T 1 T 01 

(1.2ob)   R^). f irl 

H^1 

Bk
y 

k=1,2,...  , n»1,2,,.. 

b) Tho approxinniiion of the Bunge-Kutta-mothod has the following 

expansion: 
co    . ".I 

(1.22)    f(x). y0+ > Ir^n 

H .       n 
,r kTi T^-kir^,- i "i,H.k (1.25)      T      y   ^i^yc^R^ 

Preuf: 
fk'j 1)  Since f is analytic,  it follows  that  ^.r^  ' poaeSscs a power-series 

Gxpanaion (1.19)   • 

2)    y   A     A!   V->,(TUt)        (1.17)    v    ...   ^  iil   ^„(^Ltt) (1.13) 

CO       00       v T+iJ 

v x" k. "r-  w v- b^V"^     - v .o   -h— s       = y +v yo ^|H!   ^U/^-  i.j    J.H-T" V^nl   Si,K     yc+Vi 

with 
CC       , K 

(i.2i)   s. = y Mr^r-^T 

5)  tiL /f- h^.   r±T 

dy       \Ma1 ' /    ay 
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00      ^   1 T ^ w    h  ' ' (iT      (Hi+»»',fHJa't1) 
^-•••^Lr   H1t...H   ! Sl,H/,,8i,H     T7 HiBl      H «1    1 T 1 T ay 

1 T 

1.25) T^r I 
:!*» 

Jl • • • s. 
li^T        H^*. . .+H  »M      1 

HJ> 1       T 
H. !...«.,!     ijH/       i,x ,,T täy 

•1;  Taylor'B theorem for multiple variables with use of (1.Y ) and   (1.0); 

(1,26)     Hr„). f_ 1    y^il. 

5)   eM. (I^Xy^vp (1i26) 

M, C» 

i    Z-,  t!    i D y 
äyT 

(1,25) 

JLL • • • s • -  11,1...Htl   "l.X/'-i.K 
T»1      H"T        H1 + . . .+H  = 

HJ> 1      T 

iVvl * ?"   Jal ^ 1 T" Hi q 
LE yJ»+ ^T "' ^T ^<...as.,l'il-"Sl't"'r,,1'N 

-i   1    T 

A comparison with (1.19) gives 

0.20*)    R^). [Dkyl0 

(l.?.ob)    R,^)- V   1,  T  -J-T-^TTT s<   v  •••S.  v 

HJ> 1      T 

0  y(^y0+h^c(1)g(1)+...+hrai:c(ra)gW (1i17) 

0 fcr    fri i    i 

VAhV-0i   21aTRi.i    - 

r    C 

D y 
TLclyT 

*dT     k 1 

dyT       Jo 

Lay 

£L   cc      .k+jx JCL    ItolLf"0WR(k) (k+n-x) 
k+ii)! ji!      i^r i      i»H Vfri ^ TKTr • ^!   -er1-' "i- i»! 
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with 

:i.23)   V ^ Ä IT0
! 

Ri!H-k •      1}one- 

Conneciion with Elomontary Differentials 

ThooTüm: T is a linear combination of all elementary differentials of 

order H \Tith coeff icientB  ß.0 : 

where ßtU and j^ has the following form 

(1.28) jzu^1)*...^*)- f:o(1M1>4....+f o^M1*) 
frf i      :L iTT i      i 

with 

(1.29)    ^£c(kMk)        k=1,...,H    ; 
i=1  1      1 

(k) (k) ^1      are polynominla_jLn b; '    over Hü . 

Proof: First we  show that 

(1.5O)      HitM_k= X^ ^MP,y[k)[Fl0    k«1 H  }  i.1 n   ;  H-1,2t... 

M< w tV\o TJfrht hand sidö of (1.2?) is proved by inserting (l.3o) intr 

the left hand oidr of (1.2?) using equation (1.28). 

The proof ef (l.3o) is by induction  on H: 

w-1: hero k=1 and 

H(1)(Vo„)[Dlyjo=[fLj 

induction fron  H-1   to K: 

let 

(1.31)    R^L- Z ß'^i^Wp    ( i-1 »^ 5 Ji»1,....H-1   )  ; 
' ord F-|i 

then 

(k)       (l.2ob) 
ai,H-k 

^1    T' .   (*-k)L.s s        liLDkvl     ^l-'1) 
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Inserting here the Induction hypothesis wo obtain,after some oomputcticr, 

a linear oombination of expressions of the form  Pi...P — D y , 
L1   T dyT   Jo 

whore F. is of rrdor H. . 

In Lemma 2 (p.80 ) wo shall prove, that the above expression is a lino J; 

combination of elementary differentials of order (H^^.+H +k)- K whorr 
i IT 

the coefficients are natural numbers.     Done. 

Corollary;  it holds that 

(1.34)   Ri'L-^z w^m. • 

Proof;Inserting (1.28) into (1.2?) we obtain 

£, ^»i   T^ETT "i.H-k-0Vjvi;P fer &^   *  LJo 

K     n .(k) v-        ftw(k) 

Hence follows (1.54). 

This theorem suggests the following definition    of so-called 

" elementary weights"   (Butcher /l/ p.194): 

Definition; To each elementary differential F« (F.J...F )   correoponds 

an elementary weight    ^» C^i,,*^ßl  » !!Jl££e. 0 is the 
corresponding ooeffioient of F in (1.27). 

Remarks; 

1) In addition equations(1.1o) and  (1.27) adjoin to each elementary 

differential F a number a and a number ß. The correspondence of 

a,   ß, ^ to F shall be expressed by similiar indices. 

2) In contrast  to F the coefficients a,ß,  and $ do not depend on the 

function f of the differential equation (1.1). 
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Tho next task is now tho computation of (if and ß: 

for this wo insert (1.34) into (1*32) ani use the formula 

!      { 

T. 

i t K-k 
H-k /.     \ •   ß*        ß 

TH  ft. + ...+H =H-k ord f7*HA ord F =K      
T 1"      W

T 
HJ>1      T 1     1 T    T 

?rr »(,,+...+K »K-K ord Pi = H1 ord P -K        
T•     v'.'l wl / 

HJ>1      T 1     1 T    T 

(1.35) r v      kn 

with L 1 T dyT . 

/  \        Ml    1        n    (oJ   (ff,) 
(1.56)      »^.■^^pi/h.S     (1'1 ')' 

Tho insertion of (1.55)  in  OtS?) gives n^w with x-r: 

o^Tr^P^Mc- 

k.-=1  fTI 1      T=T r.+.^+r -r-K ord F.-r,      ord P -r    T,\l-1    1"     * / 
r, *1       T 1    1 T    T 

dy o 

Comparing tho right and  left aide  of this  identity, we now obtain 

recursion formulas for 0 and  ß:  for,  on the loft side  ß and |ZJ oorrespond 

to F, which is of order rj on the ri^ht side ß,  and 'V:  \ correspond to 

P,,  whose order is smaller or equal to r-1. 
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Conditions for the ParametcrB 
■■' 

«''or in>1  in  (1.15,16),  hence for the olaasical Runge-Kutta-method f  the 

•comparison in (i.37) is easily done: 

■because of  (1.1?) •« have 

"404- T*l»i14^i14    an^    cJk^-o for    kn2,3,...    . 

Hence (1.57) becomes: 

1        T-«(1)2: r T ...z ff (it ^ l^M1!)- feT i    in r>...«.r.i ora P.-r,       *& » .r   *" VlUl »I1  JTT ^    ^V 
r;>1 

[<F1-PH>]c 
If we choose in the left hand side a fixed elementary differential, 

say P» { P1 ...P  ) with ^T^-a, this appears in the right hand 

side with the following coefficient: 

She factor  .s   . is due to the permutation which are to bear in 

inind in the sum ^ 
r.+...+r »r-l 

i     s 

Comparison now gives 

j !   /Pi \ 1*1      1) 

These arc exactly the formulas of Butcher / l/i p. 194-196. 

1) The coefficients ß defined here differ from those of Butcher. His 

coefficients are obtained by puttin ß'-ß/r . 
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For m>1  this comparison is more compliontod. First we need the following 

two Lemmas: 

Lemma 1: Let u. be functions of y1,...tyn and sufficiently often 

differentiahle;then with H.- H..+...+X .    it holds that 

(1-59) ^ _ a lu1 a V 
T" 

K^+...+H<, .-1 K   . + .. .+M   . = 1'   -      11 a„   Si .      It .,   St 11 It cl si      oy.    ,»,ay. ay.    ...ay. 
H1i^o ^'si^ 0 1 8 1 8 

Proof (by induction on s): 
H1 Ht 

-! |- (V..uj. z    ~'- V* -(■lnoe ""'^ 
*>,     •  xr+,,,t-1*11    C* 
öu1 öu? du^. 

•a7:u2-"ut +ui aF:u3-*-ut + ••• +ur"ut-i aTT • 

Induction from s-1 jto B : 

a8       ( N   8    f     a3"1      / v\ ■^    ■     ■■ 3  '   (u>.. «u. J» y     ~~       ■-■—    (u.. ..u.Jl « 
9y.   ...oy.  v  1        t7     öy    Uy,  ...3y.      1        t'y 

J1 ^s a1v    a2 Jt ' 

( by induction hypothecia with K!»- H91+...+H  .   ) 

^d        /y ^>t#^-   Li  a     Üt 

H2i>0 "si*0 J2 ^S J2 08 

(by commutation of •g-     with sunraation sign and by  (1.59) with a-1   ) 

^1 H^H^ H'+H1t 

9 u. 3 u* 

H11+.. .+n14.= 1 «„i+" •+"'*   +«="    a„    '' a,r   Si -,   It .      St 
HJ^O   1t    Hg

s^o   st   e% •••ö->rö3      »y^ •••dyda 

Putting now u.= HJ+H^.«» 
Mii'f,..+'(c5i v't' obtain (1.39). 

Pone. 
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For Lemma 2 wo need a further symbol, which is now defined: 
H1   V 

Defintion; Lot F« (F1 ».»F^ - (F^***? )  with order r and 

p« K1+.,.+Hn , and ¥"{ S1,....^) with order ^   ' 

he, elementary differentialst Then we define; 

(l.4oa)    f*(HikjF1l...,Fn)- {1)*(nlkjF1f...,Fn):- { F^^.F^1) 

(l.4ob)    ^(H^iF.,,.,.,?^)« {^...^ )*(Kik|F1t...,Fn):- 

H(o)        M(o)^ 

{ F^       •*,^n     ^i   'xiic  J^i»»• •^x'*** i'^ik  '^1*' 

where 
"ID 1.) x^k' non negative inteaort 

*ik 
2.) set of indices for n.v': 

(1.4oo) 

(1.4oä) 

and for n,. : 

1-1 

i« 1, •. • i n 

k« 1, • • • | r • 

l=o,1f•t «ft 

i>1,***,n 

k»1 ,,,.,r 

(l.4oe)  3^ H^-H. with m^ ^ 9 +k  (^o:-1) . 
3-Ö 

Convention;  If misunderstandings ure not possible, we shall write for 

^(Hilc|F1,...,Fn)  shortly   i*(xik)  . 

ExampJLe: 

F-{ F1
1...Fn

1l}and    ^-{{f}f}     :    hence F.,-{ f)   ,  Fg- f  | 

r,- 2, ^- 1, Ä- 4; 

Vw)■ {Pi11 ''V >   (by (1-4oQ)) ' 

F^Hik '"  {P1      •••Pn    { F1      •'•Pn     }) 

1)  The quantities ^,  Ä,  ?, ?, ^ coxrospond  to F j rk,   o^, J^, ?k,  »k j 
corrosponcl  to F.     . 
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x(o)    Jo)  H(1)   H(1)  H(1)    H(1)    K(2)    H(2) 

^(Hlk).( P'
11
 ...P^

1
 (F'

11
 ...P^

1
 (P*

12
 ...P^

2
)) (P'

11
 ...p'n1 » - 

(with (1.4oe) ) 

-( p'11...P>\p'12...P^ip'15...p'n5)) (P'14...P^» t 

X     H 
Lemma 2'. Lot F» {P1 ...P^

11) » { P^. .F ) wj^ P« ^...P^) , 

then it holds that 

1    n dyP 

H11+',,+HiyH1  Nl^'-^n^N J"1 

x1k*0 \^0 

with p« H^...+K • 

The elementary differentials P^Cx^) have the order r+^-1 . 

Proof (by induotion on $ ): 

aj»1: Here P» f and H^.-XJ (i-1f.,.tit) • 

rrom (1.4oa) and (1.9) it follw«d that (i.4l)is satisfied. 

Joxt the folio«ing summation rule is valid: 

Ki^lgC. ik<t-ik+1 

(1.42a) k.m  Ö4 ..+...■«•ö.     (.j-1,...,k) 
J  ^j^1     1J+1 

then 

Z (...) 
<J^+. * .+ffA«0 

(1.42b) J. 
/ _ , ,      /    !■■- —  ...  S | ( . . • /        • 

For simplification «o define the following sets of tupols: 

'1.45)   «k0- {('*kl)»---'Hk?))lHkj)>0 (J-L.-.^and ^^♦•..♦ii^>.iiff 

Induction from ?-1  to ?; 

'with (1.4?) thu induotion hypothesis reeds as follons: 
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nV    J^U^' P:i    ...P"n 
1 n 

V—i^ 
^^•••Ky)ijJi^^^ 

(1.44) dy 

With     H^ + .^+K^1^   X^1^        , (t.1f,..,t) . 

Then 

1 n    dyp 1 P dyp IVA^)Ü) 

2 ...T 
(SA      +l » »+04 ."l Ö     _+• • .+CT     .=»1 lo it po pt dy* '        v dy" 

.(P1 ...Pp 

dy 
T^T Hvv/+t ■) 

(1) V(1)   V(1) 

K 

('■ 
• • »F Vi» 

dy 
^t)-(rl1 

+t / 
dy' 

(0)        H®J<t 

^l'-^1 Hj1!",Hdrt
l/   V dyH 

(i.y rnnvranging the sum signs and using (1.9)   ) 
iJL H.! \ 

P1«fu|fl.H]|t)• Y T     T     II      7L 
•I -"i äI M nun 

.{^i1 .•'," *!(»ll>)...*;(4l))>' 
( using (1.42) and  (1.4ob)  ) 

IM t>.«r'.K*i *%-*ß ^f^ ■F*(«tk) - 

( using (1.4«o) and xj0^- xj"' ) „ , 

a -z (Eii„>.Lit\)*'<*i*>   - r 
H 
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(1) : This step is verified by trans scribing Into the sum-notation 

(of. (1.7,9) ) then by using (1.39) and finally by transsribing 

baok with (1.7,9) . 

(2) : This step is verified by oolleotlng together In F1  •••F 

all elementary differentials which occur multiple|80 «e obtain 

P1  •••Pn  ! 

'k -...-Fk - P^ where ^ tiT^»,,,^)   i 

Then 

lot P 

'A 

(1.45a) HJ
1
^- 2_(j. ± (i-o,...,t)    and 

1   1-1 Kl 

(1.45b) H- Tji^ 
>o 

Finally we comprise the sums with ö. . and obtain 
Kl1 

T ..7" (..^U8ing O'^Sft,*) ) 

c; 1 v    1      w1      H1 
S1^0        tfkK1i^ 
—. H, t 

1      (...)  . 

H^^:^; AO)>'"AV< 
Analoguously the exponent of P2,...FÄ and the corresponding sums 

are comprised. 

Next we prove by induotLon that 
n 

..,*) 

^(«ij.) has the order    TIH4r< +^»   (where H.-  Zl^ic )* 

induction hypothesis: y?(«iu ) haa *hö order T* Hi 'r. +ri  (  1-1,. 

F*(Hik)- {F^11   ...F/1  F;(H^)...rf;(H(*)))    has the order  (by (1.6b)  ; 

^ pis ^ ?t- pi/ts+? (ii45b) pf*+? • 
tnally P»  {P4   ...F_  ) has the orr^er    V H4r4 +1m r» an<i hence 

It FT J ^ 

i-aO 
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Jr(Kik^ has the order r+r-1. 

^ith this the proof of Lemma 2  is completed.      Lone. 

dH      k Corollary;    P....P   —r D y is a linear combination of elementary diffcrc r 
1        H dyH  

tiala of order r^^.r +k. This has been used in connection 

T;ith (1.33). 

¥e are now ready to prove: 

Theorem;  The elementary ^difjht 0«  C0i,,»0J   corresponding to 

P- {P1...P }   is determined reoursivoly by the following 

formulas; 

p ,  oorrosponding to f,  is given by 

(1. 46a) ^- ro^    | 
i-1  1 

|Zl , oorrsponding to P,  is ^lyen by: 

mn/, \ /,   iNi      (^<)        (^; 0.46.) *. [o,...^ . T yj* j -jfcm,, ^...,;? 
k«1  i»1 \7*-. • .+\.»k-'1     Is' 

\- ^.o 

where V^Y   (  ^^1)  oorrspond to ^j^  (of.   (1.28)  ) and 

;1.56)      vR f  ir flb^M^. 1.1 t 1»i   STT <,! pr^   1'J 

^l    ^CJ 
The opef/^A6,"^ ß corrospondinß to P- { P1 .. .Ptf Hs given by: 

corresponds to P.. 
-2_ 1   /Pi'^i 

(J./17)  ß= r! 11 —, (-**■, d  where ß. corresponds to P 
J-l ^j* ^d1' 

Proq^: 

1.) (1,46a) follows directly from (l»27)i since 

x=1 and hence k=1 and R 
(1)    (l.2oa)   ,,! .     £~  (1) 
i,o      " Wo5 80     *m ^0i 

2.)  Let 

^1       ^a Hil        ^ia 
P-{P1  •..P(,l i P^  {Slii  •••pifl ** » Fik= {',,J     and so on' until f 

is reached. 
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Out of all Pi. , F..,, ...,f we now oolleot these elementary diffe- 

rentials, which differ from F.,,..,? and denote them by Ffl+1»»..,Fn, 

Then each of the elementary differentials of which F is composed 
"™"/' :: '": —r- ::».   _n 
can be written in the form    {F.1.. .F^71}   where H. $.0. 

Example; 

F=   {{ f}   {f { f2}}}     : 

F^ {f },  P2-{f {f2)}    ,F5={f2}    , F4=. f  } 

then for example: 

F-C^P^Fj) , F2*   {F^F3F4) . 

;i.) Let M(FJF) be the following set of tupels: 

(1.48) M(^|P):- { (H^,...^^) | P*(Hik{F1,...,Fn)- F)  . 

Choosing one tupel out of M(F}F) and putting 

(1.49a) H.» H.^.^+H-A ,(i«1,...,n) and p« H1+...+H7I , 

we obtain from Lemma 2 

(1.49b) »,   H, ^   .*. »,!   s 

^   -'" dy^ IJJ1 ^'-V/ 
F + ... 

4.) From (l.lo) we have 

(l.5o)  P.....P. ^j Dky « I"   «(F1...F Ä-r F) 1   K iyX era %k   V 1   ^ dyA y 

" w •,-^|.'^  .f-uii-nt'lnou uf hflrrnfi in (1.57) is possible: 

In the left side of (1.57) we choose an arbitrary elementary dif- 

ferential P= { F1 ,..FJ
1} of order r. 

In the right hand side of (1.37) we now are interested only in 

those terms, which contains F: 

for this, we insert (l.5o) into (1.57) and let the summation run 

only on the tupels of M(F{F) { so we obtain by bearing in mind the 

number of permutations rf the sum 3~  and by (l.49a,b) 
r.^. ..+rH=»r-k 
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Pi 
s    M    '...K T   'Wo 

3 K 

Putting 

we obtain 

using (1.26,29) it follows that 

0.52) ApO.l^) 

This, however, does not Jet lead to formulas for V; ', since usually 

the set M(PjP) and therefor /O ' are not known. We thus try to find 

a recursive determination: 

6.) We assume that the elementary weights $*,,,,,$   which correspond 

to P1,.,,fPö of PB {P. ...P- ) are knowni then also the following 

sets are known: 

(1.53) Uilh^1ifi  )- ( (H^.-.K^)!^»^^ P> 7S  > 

(1-1,...»* f i ^d1^cr ) 

and hence also 

,        x   A (k) . flL. w00 
(1.54) /Vj^i   ri  f *j1,i    ' 

Using (1*55) it is now possible to construct the set M(P{F): 

because of (1.4ob) we have 
„(o)    fo) 



' 

V.l. 85 

Since we want F t»tik)-{ P1   •••F-   ) • J1    t  i* follows that: 

F*^))* Pj  ,   ...   ,  ^(x^)-  Pj      where 1 4 J^... ,dt < <J    . 

Since the tupeli (...,H^. S...) are known from (1.55)»  the still 

unknown numbers K}°'are now obtained from  the comparison 

Si       Al' „   ,      f^i     Ja. (1.55) {F/1   ...Fn.n1 Pj ...Pj } =  {?/...?/) 

as follows: 

Let  Q. ^-o   (i=1,2,...,o) be  the frequency of i occuring in 

(.j^....^)   .  then  (1.55) gives: 

(1.56) H[
0
^  |ii-Qi . 

renoe  ii:      follows  that only those ($*$•••*$*,) can occur in 

(1.55) for which H>°'>O (i«1,.. .f7t) 

Thus the set M(P}P)  can now be written 
o 

J^ » ••• > J*:=1 v 
1'37) H^-^-p^o (i-1..-.n),   (^HjjL^M^C^jf, 

(1-1,...,t) 

(,)  From (1.15) and (1.12) it follows that 

F ...P ^-rDky . 
1   s dys 

^r1 TT- (k-D! 1 <T~ Tu» 
t=T ^+.:7X^T    t!       ^r-'^f  ord J,

1-X1      ord ?t-\t 
1        * 

V/e insert (1.58) into (1.57) and let the summation run only over 

the tupels of M(P|P) jdoing this we use again (1.49) and bear in 

mind 1 as in 3.) the number of permutations. Similar computations 

as  in 3.) now lead to 
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r 

CT      t-i X.+.,. 
A,1>1 

UssiL r! 

+\t=k-1 11       ' \4 {.. • XTl 
T 

.• • • fa ■ 

1!,,,Xt! ord ?1-\1      oräS»t-\t 
'I"'  t' 

z ft ^fcAfvW z  
^l"^!^0 ^1 

t(j;i;^;r")-M 
(by rearranging) 

r    _n_   /,.\k-1 
>    2_o(k>>    2  
CT i.1       uT k^+,,,+ 

r! 

Xt»k-1 1 t    J,,! ...,jt»i 
X^1 |i4-Q4>0 4i  ^i' 

v>: fi?^;" 
r«-]  (by using (1.54i56) ) 

Ji\o?rfTrt 
T

Mu)(tJF, ) ttr$M® 
K  

A   (^   ) 
Ai-'i (cf.  (1.51) ) 

2 

|^#' «r^b •••'■.■■>'• ■ 
here we have used  the following symbol  (of, Gröbner - Hofreiter:  Intc- 

graltafel  ) 

(1.59a)      (a;-1jA)- a(a-1)...(r.-\+1)    (\-1,2t,..  ) 

(1.59b)      (aj-1,o)=  1 

The comparison of the ooeffioientc in the above formulas gives 

(1.47) 
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1    '   k-1 i-1 1 t-1 X1+...+\t-k-1  
,l  *il««»Ä| 

»1 
(1.59) 

tr^>^m")W~''X 
Those are the wanted reousion formulas for ß and 0. 

9.) Formula (1.59) can be simplified «ith the help of the following 

transscription: 

(l.6oa) / /  I \ 

ji. t IT.« ^ n.  (i>2l...to) f K1 :«1   . 

with 

i-1 •      k-1 

'low formula (1.59) hecomea 

(1.46) «,...?.] - f. f.ws: . ,. ^iH ?,<:i)-vJ> 
k-1 SH * H.+.^+H-k-l Hi!«««H8

! 1»i * a»1 

HJ>O  
8 

Proof; 

a) to prove this wa need the feliding two summation rules: 

Plrst Rule; 

Assume that out of (A1f...t\.) T numbersf say &*,...!& are 

distinct .nd that \. (i-1f...,T) occur 6i-times in (X1i...»Xt)| 

if further in (i.»•••»!.) all i. are distinct, it holds that 

.--       U.,)   (Xt)      ,    _        {\,)        (At) 
(1.62)  s                    A    ...A. J  » Y 7— . , S k.       ...A. ^ • 

(^ \t) 
l1    ^    6r...ßTI (ii lt) *!    it 

Here the symbol  2. denotes summation over all permutations 
(• • •) 

of  (...)  , 

Second Rule; 

^V  ± (...) - Z 21 . (...) 
Ji»»»»fdt"i 1 < J1 < ... ^ Jt i «J   (j1».»»»dt) 
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I)) In (1.39) «e now fix k and t and ohoose a tupel (X,,,..., O, which 

satisfied the same condition of a) . Then it follows from (1*39) hea- 

ping in mind the permutations of the sum X". 
\1+»..+Xi»k-1 

M     (xt) 

0) So show the equivalence of (1.46) and (1.39) it suffices to fix 

k and t and to sum up in (1*46) over the following tupels 

(H1, •»•,)()■    (0t.MlX<,    1 ••• |0, i.» , K.     t*MfO|«M|K.    t ;• fOf — ) 

(1.64)    1 8 1^ \ S 

/ (0)^1^:. 

with    *i
m KM    and 1 <11 <... <it< c 
*k 

The resulting expression has to equalize (1.63) ' 

With (I.64) it follows from (I.46) : 

*-0i*)r:  y (k.Di ^0) ^ ^ 
ixi i   ui^ig^/i^s (\1,...,\1.) W~W   1»i    ii'i    1»i 

i %{KJ 5(o) (VD 
",*i.,i,"1?s,i 

fe(k)y- T_ —CkrDl       . 1     9(o)   ^ 

(1-65) »  .(H)  » 
( l/ij j-l t) "•*l,i*"\,i-fs,i 

Next wc turn over to the notation with *;*/ by putting 

ik > dk , k-1,...,t 

^\ >  ^\    where il<kfn
l+1   (1-1,...,(j)     ( of.   (l.6oa,b)) 

In  (i..,,..,!.) all numbers arr- distinct, but not in  (j.,,...,;)+), 

since 1 ^j-,.••»jx^ ^ •  Again denote by Q.   (l«1,...,ö)  the fre- 

quency,  with which    1    appears  in  («L». ..»iL). 

Prom (l.6oa) we sec: 
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if Q. >o,  then exists a x so that 

nl^ iH<,,*<iH+   <nl+1    (1-1,...,tf)      and 

Thus, by the substitution ik —>   j^ in (I.65) 

X- >_(...) changes into Z — (Ü1) • •• (ütf) (•• 
i<:i1 <...<it<fl U^ I... <jt<<jW      W 

anöl 

-^ (...) ohangC'3 into       t 9,. {•••Qtf ((•••)    • 

I Finally with   ^)5i!  "   ^i^i^    (1-65) beoon,e8 

i= 1 I t       * T    1 f A* i • • • i A*, i 0 IA AJ.) 

...(^1-11^) (?(o)rr0i    L(o)\V^/Ai)   /V 

But this, using (1,62), is equal to (1.63). 

Thus, the proof of the theorem is oompleted.    Done. 

Remarks : 

1) Prom (1.46) it can be seen, that the correspond once between 

[0.....^ J and (F.....F } is one to one. 

2) For m«1, hence k»1 and H.J-,..«M «o the formulas of Butcher (of.(1.2' 

arc contained as special cases in (I.46), 

Dofinition; A method for the integration of ordinary differential 

equations is aald to have order p ( or error-order p-fl). 

if for its approximate solution y(x) holds that 

(1.66)   y(x).J(x). o(hp+1) 

for oac^ solution .y(x) of an arbitrary differential 

equation. 
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Theorem; A Run^e-Kutta-pi'ücesc- ht.n orcior p if and only If the oooffi- 

olents aatlsfy the oondltions 

(1.67) ^ 7 " 1» l2£ a11 Qlcmtgtary dlfferontlali of order r^p . 

•^ho oonatants y aatlsfy thg reouroion foruuift: 

(1.68) y- ry1..^/        1) 

where y corroBPonda to 0» f^ •••^ö 1 and y. t£ ^. . 

Proof; The asaortion followa fron 

Hat)- H 77 Z «&J.   (cf» (1«3) «^ (l.lo) ) and 
k-o K, ord P=k 

y(x). Sl^ H P0Wo  (of. (1.22) and (1.2?)). 
k-o Kl ord F-k    0 

Thus the Taylor scries coincide up to order p iff (1.6?) is 

satisfied. 

Formula (1.68) follows from (1.11) and (1.47) : 

H(4' ,.i„ir&y'-..;'...,;• 
Done. 

Examples of Conditions 

In many cases formula (I.46) for the elemtary weight can be simplified. 

For this we give some examplet which shall be needed in the next 

sections: 

(1.7o)  a^ fjiy        5 
UQ  put 

this is motivated from transsribing (1.15) to non autonomous systems 

using: 

1) The ooeffloionta y are also tabulated in Butcher / l/»p.191-193» 
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i«-(.M(W.^|;i.i5).^*...^5>.W) (1.15«)     g 

with 

(1.4«) D-fe+Zf.,^ 

Kxcmplos; 

(1.71) t - ic^- 1 
1-1 x 

(1.72) C/k] - i ^)(k,.1,Ä.l) a^+1 . ^ 
K»1  i-«1 

(1.75) L^«. t toi")^-;)^.-,») .^<:i,-a). TI^TT- 

H»1   ir.1   x        1 \ö-1 0! 

- (k+l+iHW) 

>i.75.)    W,...^/] - t ^l&K1 "')ai"',i"-9)- T^w, 
v.ith 

m     n 
(1.75b)       0- [0,...^] - i_ Z^M^    and y' ryi*"r8      * 

ö       »^1 1=1 

Pr rjof; 

1.) (1.71) Is already proofed  ' of, (1.46a) ). 

^ho quantities A. nhioh correspond to / are: 

(1.76) « [1)-1 ; 4k)- o(k»2,3,...) i ^ ^o)- l.^^- ai 

2.) Beeause of (1.76) for Sj) ] sußraation In (1.46) rune only over the 

folloving tupcla und their pc'rrüutations: 
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(3 f»t^jOt»»»t0j 
H-1 ICHT-I 

»ST iiil (1f••., 1 tof•.•to) 

3.) Because of (1.76) for [^ ] the summation in (1,46) is only over 

the tupels 

(^1,...iXa)" iOt1ti»»t1t0f»to)   «1th s-k+l and o<oiK-1 

and their permutations: 

hence 

w/] - g pi^^&m-^ ^ ->"■s■,, 
("^(ki-i;«-»-«) 

1^1 i-1  1    tf-oVtf/ l      1»1 

:.) In (1.73) we put j^- [/J1] . Thus with (1.72): 

»1*1-  ai-1|H-1)aJ-K+1    (K-1,2,...  ) 

w(o)     V- 1      ^-.(C)/-      -,    „   .N   1-0+1 

inserting this into . 

t. pp ((kl-i ,-1 ).!rM:i* g t;)"-1 '^^{rr1 y 
we got (1.74) # 

5.) Prom (1.46) »e have 

0.77) «1
(»-ff). r  -üsfciu/y... (y . 

1 8 
A1^ o 

BoonuBP of  (1.76) in the case of [0t»»»0 j jthe summation in (I.46) 
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is to extend over the following tupcls 

(X^,,..,X8, ...»Xg^) ■  (\1>.»»t^tj»»»»tlyOt »»»to) 

ff k-fl 
with 
\.-> o   (i-1,...,s)   ,   ^^   +*-  K-1     ,   Ö-  o,.,.,x-1     . 

1 i-1 1 

Then 

H«!i   i"l A,4+».. 
 , r toil 

• T1,l •■' a,t al 

CT ETI 
H s 

X^o 

& 
n    /. \K-1 ssn;^'-'^ (H-g-1)!    ^ 

,   ■    A4 I • • . A_ > 
X  -«-ff-l      1 8 

X^O 

W     v^  0.77) 
^Ui •••^s.i 

H»1    i««1 (J-0 ' 
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V.2.   Implicit Runge-Kutta-Prooesses witl Le yodea 

Introduction 

Aa v*ith classical Rungo-Kutta methods, also here the following distinc 

tions aro useful: 

(k) 
explicit method:  bi^'-o for j«i,i+1,...tn 5 k-1,2,,..,m 

(k) 
rsomiexplicit method: b^.'ao for j«i+1,.,.,n ; k=1,2,,..,m 

inplioit method : otherwise • 

(k) 
In the first case the values g> ' can be evaluated recursively. 

Ctherwise    they are determined by implicite equations which may 

cc solved by iterations. 

Chu folloTiing theorem about implicite Runge-Kutta-prooesses is due to 

~utoher /2 / : 

Thocrem; Each quadrature formula (with single nodes) 

n 

(2.1)   y(x) = yo+h^V
(xo+aih) 

oanjse extended to a implicite Runge-Kutta-process with the 

same order: 

y(x)» y0+h((^cigi    with    g^ f(xo+a1h,yC)+h2lbijgj)    , 

where a.   ,  c.  aro  the values of  (2.1)    and b. . are determined 

by the equations 
—        if 1      a< 

7)  b. .a.      • -r~      k=1,...,n    j     1=1,...,n     . 
FT 1J J K 

Here wc aro showing that an analogous theorem is also valid for quadra. 

■;uro fornulas with multiple nodes. 
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Quadrature Formulas with multiple Nodes 

The following generalization of  (2.1) 

(2.2) Hx)- yo+hiloil)f(xo+aih)+h2T2c^2)f(x0+aih)+... 
i»1 iol 

...+hrai:o,(m)f(m-1)(xft+a.h) 
r—j   1 0     1 i=1 

is called a Quadrature formulas with multiple nodoa. Here not only 
the values of f(x +a.h), but also derivatives of it are evaluated. o    i 

Such formulas  ( or special oases  ) have been investigated by a number 
of authors,  e.g. D.D.Stancu,A.H.Stroud   (/4ö/f/5o/)  »S.Pilippi /15/ .... 

Here v«e restrict ourselfes to the formulas with multiple Gaussian 
nodes given in Stroud - Stanou /5o/. Those reach,  similiar to classical 

Gaussian formulas,   the highest possible order. 

The following theorem is proved  in /S0/: 

Theorem:  If m is odd,  the ooefficicnts a.   can be determined  so  that 
formula  (2.2) reaches order  (ra+'i )n , where the ooefficionts 

o)  '   (k«1,...,m)  are given by; 

(2.3) ^1   Tc^k^(1-1 j-l 5^-1 )^"1 = T    l-1,...,(m+l)n  . 
k=1  f^T 1 ii 

These coefficients are tabulated to 2r D in /50/ for m"3»5 and 

r.-2(l)7  ( for the  interval [-1,+l]   )   . 

Implicito Runge-Kutta-Procoss with multiple Nodes 

The idea of the following proof is duo to Butcher / 2/. '^'he verification 

of the single  stops, however,  here is very muchmoro complicated, 

'Vo first prove the following formula: 
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• 

(2.4) 

Hi >, 0 

whore 

(2.4a) (rf-lni). r(r-1)...(r-ji+l) (n-1,2,.,,) | (rf-lfo)- 1 

^roof (by induction on n) : 

the case n«o is correct. 

Induction from ii to n+1! 

(r.|+...+raj-1;^+1) - (r,,*. ..+r85-1 inMr^.. .+rg-n) ■ 

}ZX HJ.I.H i (*iMJN)---(v-W-[(rrHi)+"-+(VK
8
)] 

H 
Hj^» .:> 

JLL 
„___ -^..H   !   ^(rl'-15Hl)---(ra'-

15Ks^ri-Hi) " 
H1+f ..+H «(l      1 S 

\^o 

t^Tr  zs    »rrr^rT(ri,'1|Hi)>''(ri,'1?H: 1-1  Hl+TTT+Hliu    1 s 
1 v   -8 

+1)...(r |-1}H ) - 
8'       '    8 

H1> 0 

1»!     H1+...+(H.+1)+...+H   -^+1        1 V    i       ' 8 

...(r.-1.x  )    (,,i+1.-->   '•i  ' 
H^ 0 

L 
X-, -^ 0 

ff^i-r^H.H,)...^^.».) 

Done. 

?1—I nH1!»:Har(|IXi)(rl?-1;H1)--'(r8;-1>W8) 

H1+...+H(,»^+1    1 8 
H1>0 

Consoguenoc; 
3-1   •      v 

(2.5a)    (k+l-1|-1ji)-  (k-lj-ljs) + IHLTJ (l-1|-1jK)(k-1j-1}s-H-l) 

(2.5b) -   (l-1;-1}s) + kZlL^) (k-1|-1JH)(l-1|-1|B-H-l) 
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(2.5a) follows from (2.4) for r^k-1 , r «1 , u= s } (2.5b) is (2.5a) 

•fiith k and 1 interchanged. 

For the rest of this section we assune the following conditions: 

a. / a,  for i / k and a. / 0 (i=1,...,n) 

(2-6)  (k) , 
Cj ' / o i«1,.,,,n ,  k«1,...,m 

Using (1.72)   t   (''•75) wo now define the following symbols: 

Defintion; 

A( ?)<"—>   yj^ = 1    for all elementary wcipht of order r 

B(i 
r     "ri 

^(/-1] - f   i;e|K)(k-1f.lJH.l)aJ-H. X     k.1,..., t 
i^l  i=1 

c(nj-,if"(k"1t:1,H-1) ^i(HKkmn - ii   i"1 n 

KOwi.   lc(*)(k-1;-1;H.l)af-\<*).. 
* K=1    i-1   1 1 :LJ 

-i/o:'(l-a.)         ■^1-       »(w) /x\ /.   .     „       ., „ \ 
«M «J l-.X.    "   tL 0\        rtMk"1j*1jM"0"1^' 

L k K^CJ+I     ^      V   / 

k*ö-H 

3= 1,...»m 
.j« 1,...} n 
1&> 1,«• • 11 

K=1   i=1 \e><=1 

3=lJ•../',' k=1j.».»5 

Theorem: 

(2.7)       B(|+1J)   f   C(^)       -^      ^S'^}     ' 
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Proof; 

f" f CKW-T (i-ii-ito-i)(k-is-i5H-jI f b(o)ai.<y + 

+ ajil   Cll)(k-,«l-1IH-ö-2)(l-1J-1|<j)        -    V 

0=0  " / y 

m     n 

K-1  i»1 

Theorem: 

(2.8)      B(|+m.n)   ,  E( § , m.n)    —)     D(e) 

Prcof: 

1 1/11   Wf+i?) 

- i 11 fo(H^-H((l.1,.1,H.1).(k+l.1,-1,H-l)a^       (2i5b) 

*   H.1    J«1   0 ^ \ V 
k 

(ö —^ x-0-2)        . 1   rk H ?        \ 

f  IIc^a^Md-lj-nH-l)^   - a^M(k.1,.1,H-ö-2)(l-1,-15^ 
£1 £1 J     J    \ k Ja=o V0/ 

- t: Z.olH)a^H (1-15-15H.1) -^ri + ^X H) (k-1 j-l 5H-ö-2)(1-1 j-15ol 
H=1    j.1    J J        \ ,JCf«0  ^      / / 

- i: ^«^f1"' 2Ui) (k-ii.ifH.<j-2)(i.i».iio) . 
j^T 3^1 ffau      ' 

/in r     ' 

( the 

fin the last oxprcsaion wc now subatituto    fl —> H-1    and    H —> ö  :\ 

aunmation bounds    o ^ ö i H-2 i .a-2    thus transform into 

Vo .< H-1 & (5-2 ^ m-2   ,  hence    I 4f x $ m-1   ,   H+1 ^ ö ^ rn . ) 
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m      s    ,  N ,      / l-a1!      . H-2 

- r zi i:oitfM+1"<,(jVk-i»-i»ö-H-i)(i-i»-i»M-i> ■ 
( by rearranging ) 
m  n 
T' > (i-i i-i (1-11-15H 
(-1 j-1 

<2,?' t t^'a^-iiL";!) oc-i-i =»-»-*) (1-1.-1,.)   , 
K.i j-iJ   J    ^H v+y 

on the other side we have from E(c,rt) after slight modifications: 

(2.1o) 

♦ i. ^-'^•"iifcl) (IC-I,.I,K-..2)(I.I,-I,<,) . 
M«1 CO (J-O v / 

Subtracting (2.1u) and (2.9) v.e obtain 

E Zld-lf-llH-Da^A 11 ^^(k-li-lKT-Oa^b^ - 
HTT jt? J  l1*1 0.1 &1 1 i  iJ 

.k 

-fi^-^H^-'—^rl) ■c • 

Now we consider tl.e expressions in the waved brackets (...i as indepenl» 

variables and let 1 run from 1 to run , then this is a homogeneous linenr 

syntem of equations with non- zero determinant ( cf, footnote on p*ic3 

and (2.6) ). Hence the system has only the zero-solution {•••}* o 

(k-l,..,,m ; J"1f...tn ; k-l,..., ^) , this means that D(£) is satisfied. 

Done, 

m  n /..\  / \        m  n 
Defintion: Given (*)«   (H)     „AM       #•   &A*)M     i 

1  ^r nr 1    1»i   — z £7 CT i   2»1 

then we write 

(2.11) ^ s jZJ2  <—,>   *<*] »  7^  (1-1 n    ;  H-1 m ) 
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(1.46) Bhovjs that    ^3^    (i=1t...,a)    yields [^ 4..0J2.[^...j^J . 

jLemma 1 : If C(T)) holds and ^ - [^.. .jZi ]  is suoh that ^l. have orders 

ri^ "f?   (i"1, ...,s),   thon 

(2.12)       yjZf^r^-1]. 

^•oojT: (ly induction on r ): 

for r=2    (2.12) is satisfied  , since 0» [/] is the only elementary 

Toight of  lhat order. 

First    C("n) gives since    r^Tjf    (i=1,...,8)t 

(2.15) ? H [l/1"1]...!/8'1]] = ~7 f^'1] with ^V-+V1 5 

Is 
booauae; 4 

*(k) r yri' -» 
the coefficients *> '. belonging to \_fi  "  J read as follows: 

*(v\                                  r-!"k  (r4J-1fk) r.-k 
(2.14) ^j - (r^li-ljk-lja.j1  = —^ a^  (k-o,1,.. ..m) . 

^or k*<1f*..toi this follows immodiately from (1.72) and for k«o fron 

Thus 

3 (1.46) f- f-0(K)r:     (H-D! >i)   -(ös^   (2.14) 

öj * 0 

31      n    /  \ /    -I\I    (r^j-liö^)      (r  ;-1 ;ö„) '"s"- T~   (H)^- (H-1 ) i    V1_.    1        v a'     ' s/ 

CTpJ   a,+...+os.x-l "i'---^1        r1 rs 

"i^0     S ^+...«..(».1)    (,„) 

( using (2.4)) 



v.2. 99 

1  v   v-   (x)/    ,     ,       ,\ r-H    (1.72) 1        ryr-li n     n _ -   5r- 

t 
Induction from r-1  to r  : 

induction hyp othesis: 

r.-l 
(2.15) y^i^rif/        ] ^ere    T^    (i=1t...,s)   | 

thus vse have 

y^.ry1...rg[^..^a](2k15)r.r1...rj^
ri'1]...[/8"1]](2k1^    rj/-1! . 

Dono. 

Corollary; ^.0(11)  is satisfierl. then  (2.12)  is valid for all elemen- 

tary v/ai^hta of        order    r<tl+1  . 

Since for those the conditions of Lemraa are satisfied« 

Lemma 2:  If    C(T|) is valid and    0 • [^•••0B] is such that for the 

corresponding orders it holds that r^TT+1   f r^fl    (i»2,...,3). 
thon 

(2.16) y 0 5 ry1 f^/      1   '] . 

Proof: 

Pirat we have by Lemma 1 and C("n) 

(2.17)   W/2"1]-.!/6'1]]» rrb- W,/'**"*1*] 

v/he re    r^t^  ,  r^  (i=2,...,s)   j 

since 

£iprJ  <J,+...+(!.H-I',I!"-0«1   1,J    °" 
Öj^ o 

( using (2.14)  ) 

E.   ^L   (H)T. (vt-l)!    >l)  (^f^^^-^s»-^^) 

^T ^   /^...^.^riffi!--'g9
!   ^ r2'--rs 

J.^ o 

J 
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...r_  /Hr  Ad    ^— tf. KH-ö.-DI   4-T _        ^    j  (y«l...ff I 
^ (H.l)i y 

1 (J^o 
Z S   H»l    J»l    "      O1»0       ■ I       '       Ö0 + . # .+(J  ■K-tf^-l      Z 8 

P2+...+P   -(»(-(^-1) 
.(r2i-1;(J2)...(r8}-1|flf8)aJ 

ö 5 

( using  (2.4)  ) 

v^S|,-s-,&«<v.-.v-.-v...r----<"--,V;; 

r2 

1 f.  /2+---+r8l 

Z 8 

Thus 

r r, [#1/»+-+r']  • 

none. 

Theorem: 

B(§) , C(7) , »(J)  J 
(9.IB)  f<*+^+1  , ^2 l^ +2 J^^1^^ ' 

j.e,, the Run^e-Kutta-process has the order f . 

Proof: 

1.) If 0=  [^...jOj with r^r^    (i»1,,..,8) and r^ f we have by Lemma 1 

and B(J ) 

In particular this is the case if r<Tl+1 ( Corollary to Lemma 1 ). 

2.) Thus it sufficients to consider the elementary weights 

$ = C^i,**^g] for "hi0*1 at least one jZi. , say ^ , has order 
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From the oonditionf i 2r»+2 it now follows that the others elementary 
weights 0.  have orders r.^ 77  (i-2,...,s), otherwise,  if for example 

r2>17   then we have 

^r«r1+r2+..«+»B+1^ (Y|^l)+(t|i+1^+1« 2^+5>J    , 

hence a contradiction. 

Thus the remaining elementary weights ^ satisfies the conditions of 

Lemma 2, and it is suff^ent to show that 

(2.19) riz(/"ri"1j = ^ » 

since then we have 

y0 W)  rr^/"'1"] (2'19) 1 • 
Proof of (2.19): 

This proof is by double induction over r and r.., for r='n+2,...,f    and 

r^-n +1,,..,r-1. 

First we have from the conditions  (2.18)  and because 

(2.2o)      r-r^l+Tj+1-(^+1) - £: 5 

and hence 

r-r„-1     /.  ™,\    m     n    /  \/ r-r.-H 

H-2 ;    v r-r-n-l   (H-<J-1)\     (1^6) 
O    (M:,Kv-r,-li-1jct)aJ H'1fi 

1 

H=1  i=1 \ ' 
H-2 ,    .v r- 

>0   x    ' 

•   ^-c^ftr-r .1..1iH.l)ar"ri'Xf  lrf"b^(fl) + TiTT1     ^rr11'1'Ml^i ^.f 0! ^ik^i.k + 

-2 ,   ^ r-r,-(j-1   / 4\\ 
r^(,.,1.„.i,ff)a1 '    ,<--')). 

(interchange of sequence of summation in the first expression, 

substitution a —^ K-O-I   ,  i—>k in the second  ) 
m     n/,,      m      n/v r-r4-H /_\\   /  \ 

m       n    /  vM-1 .    v. r-r.-K+o I g ^^("^H-'M.-DC 1  *^ ^<2•^o, and D(t 
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' 

ey-1 ^"i 

lL/öia)(l-arr1) 
r-r. 

m 
cW^(r-ri-1i.1),..0-1)ak    1        j,(»k 

rari/  xH-1 

1        m     n    /'-,\/r-r1   (H) H-1 /   A r-r1-H+ö ( 

( a —> H-d ) 

with        jZf^  [£,...^J   . 

Since r^ r we have the induction hypothesis  '  JjL» -—   and since the 

highest order of j^,...,^.   is smaller than r1,  we may also assume 

induction hypothesis for r,   $ this yields 

*    r-r 

th. 

Wl—M      1]- r^.!.^ -^ 

This gives 

r-r.-l 
DM*'*1" 3 - rd^^ - 777) = 77^    »h£nce (2-19)- Done* 

Theorem: it holds that 

(2.22)  B(m.n+n) , C(n.n) »»«>  A(m.n+n) . 

Proof; 

^«n , "n= m.n , f = r;i.n+n 

B(m.n+n) , C(m.n) - ' '^ > E(n,ni.n) 5 

'The induction start  with r=rj+2, r^fi+l  where  (2.19)  is correct 

since then the elementary weights in (2.21 a)  satisfy Lemma 1« 
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B(n+m.n)  ,  E(nfm.n)   }!==£> D(n)   | 

since 6<S + Y7+1     and H  2'n+2    are valid Tie have 

B(n+m.n)f   C(m,n)   ,  D( n)   \~=f>A(n+m.n)    .    Done. 

Wo are now ready to formulate our main theorem; 

Theorem; The quadrature formula with multiple Gaussian nodes (2.2) 

can bg extended to an implicit Runge-Kutta-prooesa nith 
multiple nodeStThia has the same order than the quadrature 
formula.   . . 

Vho ooefficionta b; ' are uniquely determined by the nodes 

Ck) 
a. and the weighta o> ', 

Proof; 

B(ra.n+n)  is satisfied because of  (2.;). 

By «, o^      k«1,...,m.n 
r/m Mw  ^-  (k>1f1iH.l)  f-.fn) k-H     tk     <  i 

x-1 M! ,1=1  XJ    •' K 

the coefficients b) .' are uniquely determined since the corresponding 

determinant ' does not vanish. 

Finally from (2.22) we have that the Runge-Kutta-process 

has order On.n+n) . Done* 

Wo still remark that all other theorems of Butcher can be generalized. 

We state them without proof since we do not need them: 

Theorem; B(n+r)) , E(n,r/) =>C('»)  j 

Theorem; B(£ +^) , D(^ ) =>E( £ » 0 )  • 

1) this is a so-called "confluent" Vandermonde determinant which 

is regular if and only if the nodes a. are all different 

( cf. Gautschi /l?/)^ But this in asaured by (2.6). 
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The iterative Computation of the g; ' 

(k) 
We non show that the values g> ' which are determined by the implicit 

system of functions 

j CS.25)   gM . tfr)i*0^„0*pi]\y Spft'^ 
(k=1f.t.,in     5    1=1, «..jn  ) 

can he computed itorativoly: 

rr'e put 

Bk = max |2I |hj^|l     (k-1f...,m)    and 

|| v ||   »  max (vi»•••»%} wi*h    VB
  (v-if»»»»v

n)     ( vector norm). 

Theorem; If the functions D y  (kal m)  satisfy a Lipsohitz-conditicr 

(2.24)     |(Dky)(z')  -  (Dky)(z'•) || ^ Lk||z.-ZM || (jd m) 

in some domain B. and if the step sdze h satisfies the 

folloning conditions 

(2.25a)  UlLBXl  where  L=L,+...+L 

lv,lk-1 
(2.25b)    ^^""Bic^Bi  0<-2M.MO) 

then (2.23) poBscsos a unique solution. 

Proof; Asrjumo that there exist two solutions g) y and g£ ': 

then 
m    n 

,, (k) s(k)|l (2.24) T ILT*^(i)^1) 5(1)u   X Th^r>)-8<mh !l luj '-gj T < ' L
kiih^.bij (gj -gj )+...^j- ^ij ^j -«j ^ ii 

L, (ihlB^axllg^-^^lh...-^ Bn«ax||g(m>.gW||)   ^^ 

5* 
.25b) 

Lkfh|B1 Zmaxllgj^-g^ll . 

Since   this is valid  for all  i  ,  we have 

max «g^-g^M Ljh^   flmax   üg^-i^jj    and 
i 1 1 K 1-1     i ll 3 
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Ilrnux ||gfk)-gfk)l| «LlhlB,   Ilir-ax Jg^-g^ ||   with L.L..+...+L    . 
k=1  i        1        ^^ 1  1=1   j        0        J 1 B 

This, however,  gives a contraiiction vsith (2.23a}   • 

Theorem; Under the conditions of the preceding Theorem the following 

iteration oonverfios to the  solution of (2*25): 

(ka1,,,.fm) 

with 

(3.26b)    gW = o,    8lW=[l>H     . 

Proof; 

With 

(2.27)      K =   LJh|B1 <1 

wo obtain analoguously 

(2.26)        Xlmax ||gW -g^^lUK ^max lle^.,-«^ || (11-2,3,...) 

Thua vtQ have 

li^^-lKlHlB,^ 11^-1-^.2 ll<V7) 

^4ITII^L-415II- (2j26b) 

I" 1 

iU(k) .R(k)ll < IU(k)-g(k)    lUiU(k)   -«(k)    li+T. ',gi.N    gi     "  *   llßifN gi,N+1 ll + i|gi,N+rgi,N+211+••* +    » 
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0=0 ' (T"0 

Table of ooeffiolente for m-5 » n-2,5f4. 

The nodes a. and «eights o> '  are those of /49/ transformed to tho 

Intervall Lo»1J» 

The coefficients are tabulated in 

the byatanding sequence« 

Condition (2.25b) gives for the 

step size h the following restric- 

tions : 

ma«3    n»2 

n»3 

n«4 

h<11,9 

h<15,3 

h <2o,8 

?J. 
an 
c1     ...on 

i   c1    ...cn 

I   ^i!   "^in (i-1,...,n) 

^^...b^ (i-l n)  i 

This, however, is no limitation 

to the practical use of these formulas« 

Order 8 

,lfi5394435325o45/»oo 

,300000000000000/400      ,300000000000000/too 

f24o72942o«4A97A/-ol    -,24o72942oW<»74/-ol 
,36626496o67l727/-o2      ,36626496o671727/-o2 

.aolfl^ll^looS/^oo    .,l645963ooo5959fl/-ol 
,5lW596tk)oo5959/»oo      ,29^4^4163994/too 

. ,2234665e9oflo54l/-ol      , «6^^7730^2417/.o2 
,56fl3467l899?19o/-ol    -l7o49254lo77o49o/-ol 

, ll673966fUoo997/-ol    - ,21535l251o657W/.o2 
,24l294lol5o96l5/-ol      ,lo3ol93o?k)o2o,19/-ol 
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Order 12 

1o7 

,927(Mo72111lR3/-ol 
, 300000000000000/+00 
,9o7?.195927nM8l/*oo 

,26665R2o296o!V{?/*oo 
,7791l666492.WV.o2 
,513435c<,ii57/l4o/-o3 

,466683594o7B222/»oo 
, .100000000000000/+00 

,27<)5^56222719fl/-o2 

l26669R2o296oRBn/foo 
-l779n666492839f;/-o2 
,5l3435o9ll5744o/.o3 

,lo377a<»B543513o/too 
,277539.'*52o66c9,i/*oo 

• ,1^682^70302^-01 
,2333<1797o29ni/*oo 
,48l551^345/lP52//+oo 

,3.W224629o8l/-o2 
.,f!98ll491o32o6l'!/.o2 
,lte8843l752575f,/*oo 

•,^659ia9667o57«/-<»2 
.l796525975/^25/-ol 
,lM<«58372:M*&!7/.ol 

,2751964312n/!215/.o2 
.,a^o49B48749434/-ol 
,275l9W312l4215/-o2 

-,1<J96496O651''297/-O2 
,23l2926A5597/'74/.o2 

.,2oo4?2'^2652735/-ol 

,i63<)25i3959o37l/-o2 
,33r7'?ofV";o869o6/.o2 
,29'!55n52Cx-.ol9./^/.ü2 

.,1992374oA6ilol8/-o?. 
,82976,56%6r?159^/-o2 
,l85W877797^o/.ol 

,1351o528692515^/-o3 
•,?.7^79o392','*22/.o3 
,tf2l35915lo4o92/.o2 

,5;'nö)!j93i9723o5/.ol 
: 320570736^ .Vj58/«oo 
,67r';29263519''4l/*oo 
,9448384o6Ro2779/»oo 

Order 16 

, l f2 34344 '«09491 / foo , 337Ci565r)l 190-0'^ / ♦ 00 
,3oo43^2c936ia99/-o2 ,2TW>8O2367929/-O2 
. a24673i9565«7o/-o3     , loi6r)9'!56l372B2/-o2 

,33765655119o5o1/+oo 
.,2547668o2367929/-o2 
,1P1669/,561372^/.O2 

,1623'V34',.88O9491/*OO 

■ ,3oo4382o936l899/-o2 
,1124678l956587o/-o3 

, 62372637^^'■'"y/-01 
ll67738i42857?/»1.if»oo 
,:6oo5-9467iHi?.3/too 
,ir.36n77796396o6/too 

-Il'-o97?.^ 59^5651/-o2 
,687270!95f'lo269/-o2 
,562ol26l8!^3977/-o2 
)624ol7o67?.33256/-o2 

•,llo825972275662/-ol 
,l6i:)576.,21'i7863/+oo 
,rv,n;-74lol(lo6443/*oo 
,332^-0667923051/♦on 

, 702276 Wr227046/-03 
■,17t7719929o636'i/.ol 
,6962935557''«>32o/-o2 
,'»2912683f)112262/-o2 

l52158832674573P/.o2 
.,lo8i755o6l593!i3/.ol 
,1762989o9o42644/+oo 
,348739lW4l8o7A/»oo 

.,Po/'o67656235976/-o3 
,lt,6759051oo4463/-o2 

.,?3272535:»379949/-ol 
■l'393o79l6313o57/-o2 

.,134433O83O115O5/-o2 
,22925o2o9l36777/-o2 

., 5394694o4776988/-o2 
,9997o8lo822o474/-ol 

,23l4o6485o94629/-o3 
.,388637998998l92/-o3 
,864o2o76886't72^/-o3 

•,74lB49o6466945o/-o2 

,365378o9f)'?ot'l5'V-o3 
,733oV'2357R'553/.o3 
f6«!l69»'729^99^/.o3 
,69!l69749o68';649/-o3 

■,77/,-766653oei9,>72/-o.l 
,31o5»Jo9B8o966l/-o2 
,67fli733439375^8/..o2 
,57'1fl76l743Ko442/-o^ 

,359-,,.o562''4325-MV-o3 
■ ,6Hi!;66o7ll38556/.o3 
,299^2639ol4o32/-o2 
,687:934o21296fi7/-o2 

., l689o573289429o/.0 
,2VB72lR75','52347/-o 

■,582825o6i;?36;k)l/.o 
l3o942882o59377l/-o3 
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V,3, Expllolt Prooesa of Orders    m-t-s    (s ^ 5) 

In this section y/e shall give some explicit process with multiple nodes, 

General theorems on their existence, as with implicit methods» are not 

known, of course. One has rather to content one self with a laborious 

search for special  solutions. The question for " optimal " methods 

(few nodes,  small error)  is still more difficult. 

Thus wo assume 

(3.1 a)        a. « o 

(3.1b) biV"0    (J-ifi+1Mf..n i k.1,...,m ) 

':■ further content ourselfes with methods which satisfy the following 
conditions: 

1.) the first node (a^o ) has multiplicity m (m*2) ; 

2.) nil further nodes have multiplicity ^ 2 { 

thus (of. (1.18) ): 

(3.1c) c^"'ao (1=2,...,n } k-3,4,.. .,m) 

(3.1d) b^«o (>2,..,,i-1 j lc«5,...,m) 

3.) m and s satisfy the condition 

(3.2) m+s$2m+2 <rs> a4m+2 

Conditions for the Coefficients 

Satisfaction of C(m) : 

(j-1   a\ j-i 1J J       a=i  0-    >2 1J ^ 
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1 ^lr^ A 
+ k bi1     IT (i-1....fn  5 k«1,...,m)    . 

For i=1  and k=1,,..,m this is satisfiod because of a.soi 

by putting 

(3.3a)  b^ . ak  (kssi,...tn) 

k-<y (3,Jb)   bW . .J.^Iku^g b(-)a (i«5»**«»n } k"=1,...,ra) 

C(in) is satisfied completely an-l the coefficients n , .,,ta , 

bi1  (i'J»««»»11 i  J«2,...,i-1 , 0=1,2 ) are still free. 

Satisfaction of B(m) : 

B(ra)^> f (k.1;.1,0.l)f c^af0 ^h^ 
5=1 i«l 

X: (k-1 5-1 50-1 )fc({j)aj-0 +(k-l)! c^ . ^ (k.! m) , 
0=1 I«^2 

by putting 

(3.4)     c^). ^r(kriT!^(k-1i-1^-1)^0ifl)Gi'ö(k-1 ra) 

3(01) is satisfied and the coeffioionta c^ ' (i=2,...ln 5 k-1,2 ) 

are still fret. 

Using (3.2) the elementary weights can be distingished as follows: 

1.) ^ = C^«««^!) "i**» r^ m (i=1,...,t) : 

because of C(m) Lemma 1 ( fron section V.2. ) is applicable 
T»  1 

and all these weights can be reduced  to Q^ " 3   (by (2.12)   ). 

5')    l^ " C^f'«^t-   vrith rl> m » Ti^ m (i=2,...,t)   : 

all these can by Lemma 2 ( of. (2.16) ) be reduced to 

r-r.-l 

DM      ^ 
The condition (3.2) guarantees that all elementary weights of order 

^ m+s occur in the above cases ( of. plol , 2.) ) 
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We thus can restrict us to the elementary Heights of the forms 

[/ " ] and T^/ ] with r < m+s , r1 > ra , k ^o . 

Because B(m) and the Corollary of Lemma 1 ( in V.2.) by (5»3a,b) and 

(5*4) already all conditions for the orders ^m are satisfied. We thus 

can restrict us to the rest and determine the still free coefficients 

a2»,,,,an ' ci  » bii  U"2!"«»11 l  d-2,...,i-1  | k-1,2 ) to satisfy 

the conditions for the orders m+1,...,ra+8 . 

V/e thus obtain the following conditions for the coefficients; 

r'ier m+1 : 

in - d m+i 

order m+2   : 

L*      J       m+2 

OT3-frHW«+4) 

order    m+3   : 

i-^       J        m4 ^3 [It^]]]-   (m+l)(m!2)(m+3) 

L^n+1j3-  (m+2)1(m+5) MAO -  (0+l)1(m+3) 

Generally the additional conditions for order m+s  (s^m+2   ;cf,   (5,2  )) 

are  as follows   : 

r        -m+k^  k21        kT. j  

L...L^       Jp   J...P   J "  (m+k1+1)(m+tc1+k2+4)...(m+k1+...+kT+T) 

vrith 
k1+k2+,,,+k +T»8    where k.^ o and  T"1,...»S  • 

la can be seen oasly (induction  !   )  for order m+s there exist 2 

conditions of this form. 

Up to m+5 these are listed  in /25/»p.45 • 

s-1 
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The nethod of Fehlberg as special oaBc 

o.)  Fehlberg's method which,is known for its acouraoy and its low 

expenditive of work, works as follows (of, /l2/t/l3/ ): 

diff, equation: y' « f(x,y) . y(xo) - y0 

approximate solution of order ra: y(x)= V fcTl? ^Jo " / ^ ^ 
4 klLT 'Jo Z-."  *k 

K=O k»o 

diff. equation for the approx. solution:       A    «Ä  w i 
^•(x). f(x) - rkhK-iYk 

V/o put: z(x)- y(x)-y(x) , where y(x) is the exact solution and 

obtain for 2(x) the following diff. equation : 

|      (5.9a) Z«(x)-y'(x)-J»(x). f(x,3Kx)+z(x)) -f(x) -: f(x,z(x)) 

with z(xo)«z'(xo)»...=.z^
:n'(xo)-o . 

This wo now solve by a Hunge-Kutta-process 

n 
(5.9b)      2(x) = h JZp^i 

i-1 
(5.9c)  ^ = f(xo+aih,zo+h Zl

b
ij
kJ  (i"2t...,n) , 

for which, because of the above made transformation, considerably 

higher orders are possible: 

improved solution of order m+s: 

A    A       
n 

(5.9d)  y1(x)= y(x) + a(x) = y(x) + h Z""0^ 
i=2 

Remarks: 

1. In /13/ Fehlberg gives a method of order m+4 using six nodes and 

with an astimation of the loadinA error term. 

2, In /5l/,p.1o1 Wanner has extended all the  theory of Butcher to 

Fehlborg-prooesses, 

b)    Rungc-Kutta-nrocesgcs with one m-fold  node: 

Here we are  interesting in process v:ith one  m-fold    node and a f. 
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^".''»1-1,  single  nodos . 

Let this fact be expressed by tho following diagramm  : 

m   o 

2    <i 
1     4 -O   O—v-*-«—o- 

1  2  5 n 

Tho nodes of the method are pictured on the abscissa and the ordinatcs 

show their multiplicity.From this diagramm it  is now clef-r why in (5.^ 

and   (5.9o)  the indices  i,j    start with 2. 

3oth methods are now shown to be identical: 

we have from (1.15»16)   : 

(Moa)    y9(x)- yo+h ^Kh2o\2\\2K...4h%Mg\n) 
'2 

with 

(3.lob)    g![k) -  [Dky]0 - k!Yk 

r? loo^    ff(l)- fix +a h v *h¥3b(l)^1^(2^2U      Ä(m)«(n)) (.5.TOO;    g.    - il3co+ainfyo+n/   D^^^.   ^    Yril g1    +••• mTl)i1 g1    ; 

(i"2f t•t»n) 

and it holds tho following theorem: 

.^oorem; The method doterminerl by (3«1oafb,o) is identical with 

Fehlberg's process (J^a-d) if we put 

(J.lod) c> '»c. (la2M.*,n) 

,-  4  v  (k)   1  (J\     v- (1) k-l\ ,.   „     x 
(3.Ice) c^ - (k-l)! ik 'i-* i      i J (k'1»«*»'ra) 

'3.1cf) b^o b^  (i.2,...,n ; d-2 i-1) 

(3.log) b^ a? ->  Wl^"1  (i-2,...,n j k-1,...,m) 
i fc^r ^-J d 

Proof; We have to show that y^x) « ^2^' 

Inserting (3.1)b,o,e) into (3»1oa) wc obtain 
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y2(x). VhV...+hvr^k toi^w rc{i)gii) - 
k*1 1"2 1^2 

^(x)+hgc(1)(g(1)-|^lc(aih)lrYk). 

(3.11a) y(x)+h 

with 
£•!'". 

(3.11b) i^ - g^^x^a.h)   (i-2t...,n) 

Next we insert (3.1ob,f,g) into (J.loc): 

fi^1)- f(x +a h v ^hh^K^U      X>Mm)+h  f"b(l^(l)) - ßi        uxo    i  ,yo      il g1      ••* mril g1 A* iJ eJ    ' 

fK^.1f..y!)«iM1+... + (aih)nYn-glchltgb(J)a5-1Yl£+hp(3)gy-/ 

f(x0+atli,?(x0+a1h)*h^ »i]){«jl)-ilt(aJ'>>lt*1tk)) 
(5,-1b) 

(3.11o)      f(xo+aih^(xo+aih)+hy"b^)kj)     (i-2,...,n) 

From (3.11b,c) v;o have 

(5.12a)    ki = f(xo+ai|h,y(xo+aih)+h^b^)kJ)  .fU^h)   (i-2,...,n)     , 

On the other side it follows fror (3»9a,c) : 

(5.12b) kj - f(xo+aih,^(x0+aih)+h7'b1.k.)-?(x04«ih) (i-2f...,n) . 

Next compare the conditions which are to bo satisfied by e^ ' and 

b}.' (i»2,.,,,n ; j»2,...,i-1) with those for the method of 

Pchlberg (o.g. in the form given by Wanner /5l/fP»1o3 )• We thcrcbj 

confirm easily that the equations coincide} thus wc may put 

bi1  i1 ^ 0i   1 ^ i=2,...,n 5 3-2,...,i-l)  . 
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Koncü from  (),l2a,b) \sc have kj-kj   (i"?,...,!!)  and   (3.11a), (5.9d)  shows 

that :%(x)-y0(x). 
M Cm 

Tho ooofficiontn  (5.1üo,g) arc of oouroo dotermlnod by (5.5)f(5.4)  • 

Done. 

Some oxplioit mothods of ordern  (raf?),...,(m+5) 

Iloro wo list  a.)r.-.c  explicit formulas of different orders. Thoir dcri- 

vation fron the above conditions is given in full detail 

in tho thcöic /2*/,  pp 51-61   . 

1.)    Formula of order m+2   : 

m    \ 

diagrtn  : \ 
2    «i o 

1  2 

n«2 

order m+2 

Coefficients: 

m a<«»o  •  i«»      .       ;. 1       '    2    r:+2       * 

c^-1      c(1)-o c(2)- 2- 
^(m+1)(n+2) 

c1    " 1F.T;T ik"  (k-l)c2    a2    J  (k-2....,m) 

No coefficient oan be ohooaed freely. 

2.) rormuln of order n+5: 

f'.iasrr.n 

m ^ 

2       6 3 0 
1 o-^~o  

1 2 5 

n-2 
m >2 

ord or m+3 



• 

ooufflüionts; 

vo > v dSr • v • 

„(2) i .(2) 1 

•i(k)" TCTTi (k - C"1)^«*-2«,»)))   (k-i „) 

b21       a2       ('<:,s1f«»n)   j 

32 32      aJ-1m(m+3) 

. (k)    . kik-i)v(2) k-2    /,   . v b31       1^2—b32    2        (k=1f..»ra) 

5.)    Formula of order m+4  : 
i in    $ 

i 
diagram: 2    (j o o o 

n-4 
m>2 

1    I>-O~ö—e— — order   m+4 
12 3 4 

Coeffioicnta  : 

m n+2 . 
0^=0   .  G_=i       s    .  a_"" ■i" *     ,  a.»!     ; 1      '    2    r.+6    *    5    m+4    *    4        ' 

«0) 1      (1)   (1)   (i) c]   -1   .  02      03      04     0    i 

X2)m ^.__(mii}i        ft(2)    _2l.n+i). 
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2        12a°(m+1)(in+2)(ra+7)2      '    3    ^ 4^(^+T)'(m+3)2 ' 

,(2) a 
'4   " ?Tm+1)(m+2}(ra+3)    ' 

(k)       1 (l       /,   .v,   (2)  k-2^  (2)  k-2     (2) k-2 A      /.   . v 01       (k-1)! i k " (k-1^c2    a2    +03    a3    +c4   a4    7    (k-2,...,m) 

^21 m  a2       (k=1,...,m) 
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52 b)„'=o  , b <2)    -^ 
32 = 7(27 i" 

t*X - 42 

ci    a2(m+1 )(m+2)(n+5)(m+6) 

(2L 
3f^-1(Tn+1)(rl+2)(m+5)2    ' ^ =  of^a^"1 (m+1 )(iIi+2)(m+3) 

.iaJ . (k)      k      k(k-1)Y-'   (2)  k-2     /.  ,  ,        .   „ x 
11 i 5      ?, 11     1 (:L=5,4J   ! k«2,.,.,in ) 

y* 

4.)  Formula of order m+5   : 

m      § 

diagram: 2       * o  o o  "> 
1        o—0-"O -o..c  

12 3 4 5 

n»5 
m^3 

order    m+5 

Coeffioionta 

m „        a 
1       '    2    m+5 5    n+5    '    4    ra+5 

m+2 A ■.i,* —r ,  a5»1     j 

0).1   . c^.cOl cOloOU  3 

,(2). Jra. 
"?    "  1oa^+2(m+l)(n+2)(m+3)(rn+4)    *     5 

(2).. m 

(2) (n+2)' 
4    ""  6a^+2(m+1)(rn+3)(m+4) 

(2) 

6a™+2(m+1)(m+2)(m+4) 

2 
3iTi +15m+lQ 

'    05    " 'l5(in+1)(in+2)(n+3)(n+4) 

•l(k)- Wm{* " (k.l)(e2
(2)a^+...+e(2)4-2))       (k.2 m) 

b^)« a^    (lc1,...fm) 

%(1)- b^=  o   • D32      ö32 ' 

D42  "  D43    ü   '     42      TT2J m,     >v/     „ + 3c;   'a^Cm+Dtm+S 
'l      2 )(m+2)(m+3)(ra+4) 

,    .«j)- o 

'52 

t(2). _-T>. J  --- 
152      6o^)a^(ra+1}(m+2)(irl+3)(m+4) 

  b(2). ro+3  
2op^af^m(m+1) (m+2) (ivi+ .) 



V.3. 117 

b(2)!si 1  

54 " 2o^a^(rn+1)(m+3)(m+4)  ' 

b(k)B ak _ lc(k-l) ]rb(2)aj 
c        (k-l,...,ra } i-5,4,5 ) 

Nunerioal Examples 

^he practical evaluation of these fjrmulas is only valuable, when 

it is combined- with the use of the recursion formulas which are descri- 

bo<3 in Chapter II. With these the methods again can fully be made auto- 

matic by using the same subroutines. It nay finally bo noted that in 
2 

many cases the calculation of Df, D ff... often requires much less work 

than the calculation of f itself (ospeoinl if there occur a lot of 

elementary functions like oxp, log, sin, cos, ... ). 

In the following the methods arc tested at some differential equations 

with known solution. They are further compared with the method of Pchl- 

berg and with the power-series method. All computations are with order 

10 and have been carried out with single precisions (9D) on the Zuso Z23 

computer. 

-x2 
Example 1 : y'« 2x(c' -y) y(o)«=1  5 

2  -x2 
solution: y(x)= (1+x )o    . 

^campj-e 2 '-   y'- -Jy2*"5'2  y(l)»1 

solution: y(x)= Nx . 

Example 5 : y'«" 1-o"'(aln x - cos x) y(o)=o j 

solution : y(x)= log(sin x+ex) . 

■ .xamplo 4 : y'« cos x ,(y+sin x) y(o)«=1 

solution: y(x)» 2oSin X-sinx -1  , 
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Example 5  :    y'»  (x4+y4)/xy3    y(1)-1    , 

solution: y(x)« x.(1+4.log x) ''^ 

Example 6 : y1» 2(xy*' -y)  y(o)a o,25 , 

solution:  y(x)= (e +x+1) 

Example 7 : y'3 (xy +y)/(x.log x)   yCo)^ o,5 

solution: y(x)= log x/(e+2-x)    , 

In the following table the errors of the 3ifforent methods with those 

examples and with the given stop sizes arc listed. 

Example h 
power 
series I 

1. o,5 1,6.1o'6 1,6,1o'7 

2. of8 A              4*4 4,o.1o 5,4.1o"6 

3. o,25 5,2.1o"6 1,o.to"7 

4. 1 4,9.1o"4 3,4.1o"6 

5. 0,2 1,4.1o"3 1,5.1o"5 

C r'f4 9,2.1o"6 5,2.1o*7 

7. 
i 

0,7  i 1,1.1o"
5 1,8.1a"6 

II 

4,3.1o 

8,1.1o 

4,4.1o 

2,8.1o 

4,2.1o 

1,9.1o 

-8 

-7 

-8 

-6 

-6 

-7 

1 , o. 1 o 
-6 

III 

1,5.1o 

4,4.1o 

8,5.1o 

3,2.1o 

5,7.1o 

2,4.1o 

-6 

-8 

-1o 

-6 

-7 

-8 

7,7.1o -8 

IV 

8,2.1o 

7,6.In 

1,o.1o 

1,o.1o 

4,8.1o 

4,3.1o 

-8 

-8 

-8 

-6 

-7 

-8 

4,2.1o -7 

Fc:." 

6,..' 

5,o.i 

1,3.1 

1,1.1 

1. o, 1 

1,-:.1 

h= step size 

I : formula of order in+2 \ 

II : formula of order m+3 j 

III : formula of order m+4 

IV : formula of order rn+5 

As oan bo seen, the results of formulas III and IV on the average have 

the same accuracy than the method of Fohlberg, It can further be seen, 

that with equal order the methods with more nodes are vory much better. 

Tho results of III, IV and Fehlbcrg are mostly 2-3 digits better than 

with the power series method of tho same order. In addition note that 
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the necessary work for tho power series method mostly is higher than with 

the other formulas. 

The following queationE are still opon: 

1, " optinal" methods: the c )effioients in general are not uniquely 

determined by the conditions. Some of them have been fixed ar- 

bitrary, mostly to reach simple results. 

Ho-.v arc' they to bo fixed to give methods with minimal error? 

2. How arc effective error estimates possible ? 

J>.    How is the stability of the methods ? 
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Chapter VI 

On Step-siae Control 

by G. Uannor 

This chapter deals with the problem of choosing; the step siztri 

in the numerical integration of ordinary differential equation 

using one-step methods. First the frequently used formulas arc- 

discussc-d which try to keep the local error constant. Then 

expressions for an "optimal" step-size control are developed 

which take into account tho propagation of the local errors 

to tho final result. Numerical results are given and compared 

with those of the stop-siae control of ilerrison. 
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VI.i otep-size Control 

A system of n ordinary differential equations 

y1 = f(x,y) 

is given and the solution y(x) vdth initial values xoSy is 

wanted at some point x^. Usin^ some one-step method, the inte- 

gration proceeds on the steps x <x1<x2<...<xw with the step- 

sizes h^X-r'Xo» ^2=x2"X1>... jh^sXjj-Xj,, -. For a step size contrcj 

the method has to be equipped with some error estimation, i.e.^ 

to each initial point x. .y. and step-size h.+1 it cives a approzi 

mation ^i(xv+i) to the solutions end approximate error estimatio. ; 

R.. The usual procedure nor. is  trying to keep these local errorc 

equal to some 0iven numbers y-,  the wanted errors. These micht oz 

lo" ,lo~10j#lo'"
20 and depend on the wanted accuracy. Thus by 

put tin:,        iR i 

(^..1)     n = max 1 

i Yi 
or» tries to keep n55!. A possible procedure is now the following:: 

The first step is calcuTo   . ..v: «. .-.uesseJ rtep-size h^. Then n 

can be evaluated by (1.1). Of course, n will not be equal 1. If 

p is the order of the method> a much more better step-size would 

have been 

(1.2) h = h^—SVn. 
But if n is not /ery much greater than 1, say n<n2 with 

Ho* 1.5 or 10, then we use h for the next step 

h0=h, 

otherwise we repeat the first step with the step size h-^h,. 

The same procedure is then also used in the following steps 

no^-T.' • •. • 

Occasionally, especially in reiy.i.ons vi-hcre R. changes sign, n 

may be very small or even zero. In such cases, formula (1.2) 

would lead to an sxc©i>r.ivc increase of the step sice. For this 
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reason, one chooses a number n1<l (say 
sl/10, 1/100) and if 

,<n1, one replaces (1.2) by 

(2.1)      E = ^ Elf (1 - T_fr-)ell/[7^,    (ifn<ni). 

Thus the step size can increase at most by the factor 

pTT   Vl/r]l • 
This stabilizes the step size control and guards against over- 
flow. Formula (2.1) is obtained by replaning the hyperbola 
EiVT^ 1/n by its tangent of the point ru. 

VI.3. Ilorrison's Control 

Consider the example 

(3.1) y' = y2, y(0)=l, y(0.999999)=? 

The solution is ysl/d-x)^ y(0.999999)=10 . The solution for a 
general initial value y0 is y(Xjy ) = l/(l/y -x). The derivative 
of this solution with respect to that initial value is 

(3.2) H(x) = Ay(Xjyg) = i/d/y-x)^2 = y2^2. 
Wo 

"15 Thus if the initial value y =1 is chanced, say, by 10  , then 
«1 . the solution at the point 0.999999 changes by 10 •*  since 

12 H(0.999999)=10 . If we compute this example by a stcpuise 
numerical integration with local accuracy 10  , the final 
result will not be better than 10" . Of course here it is 
unwise to compute also the last steps with this same accuracy. 
The last stops need not to bo calculated with the same 
accuracy than the first. The idea lies at hand to multiply the 
chosen error sizes y.  by the connection matrix H(x) along the 
solution. This means to replace (1) by 
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Ri (3.3) n- max|(H(^Y)J . 

This is the step size control s w>iich Morrison /37 / has proved 

to be nearly ''optimal" for tht; case when n=l (one equation 

only) and when the errors R.. all have the same sißn. 

VI.A. Another Possibility 

There is still another possibility for a step size control 

which shall be derived now: 

Assume the differential equation to be integrated from x to 

xN using II steps ili=xi"x0J bp^?^!» * *' * The loca^ error of 
the j-th step v/c denote by G. and its propagation to the final 

result is 

(4.1) ejN) = H(XN)H"
1
(XJ)OJ . 

We again assume that n=l anü that all errors have constant sign 

although the results may bo interpreted for the other cases 

as well. 

Neglecting rounding errors we nay assume o. = (|).h? , thus 

ej " xjhj + 1 WherC' Xtj
sH(xN)H"

1(xj)<|,J. 

Assuming that XJ does not depend on h.^.^h.   (what however 

actually is the case),; we solve the easy ninimum problem 

o N) = y:xjhj  • min! 

uaticr   the condition that 
il 
)   hi  = x..r-x. = Cn. 

The method of Lagrangc multipliers gives h. = C*/ tyX?  . 

Thus the local error e. should be 
j 
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* 

icnce.. the 

J" j J 'xjIi/xj'H(*N)
H"1<xj) 

step-sizes are chosen "optimal"^ if 

(i».2) H(xN)ir
i(x4)e4hT

1 = k, 
i.o.^ if» the contribution e) ' of each step to the final result 

is proportional to the step-size. 

In the cast n=l H(xN) is only a constant number and need not be 

known. Hence,, in the course of computation, it is only necessary 

to keep 

(4.3) H'^x^hJ^Y. 
This result differs from that of Morrison by the denominator h.. 

An error estimation for the total truncation error is now ob- 

tained as follows: 

The final error ejN' (4.1), which results from e. is because of 

(4.3) equal to «h.H(xN)Y. These numbers are summed up easily to 

rdve 

(4.4) E '  (xN-x0)H(xNh 

as estimation of the total truncation error of the final result. 

Formula (4.2) may also be interpreted for systems of differential 

-quations. But then the knowledge of the final connectionmatrix 

H(x^) is necessary. On the other hand, the use of (4a3)secras only 

adequate,> of all eigenvalues of H(xM) have approximately the samo 

size. This is, because (4.3) nappa the örror not to the endpoint 

x.,, but to the initial point xo and the box r.iaxjRjl"^ may .changv-' 

shape considerably ^ 

>.. **   % 

\ 
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Finally wo mention tho papar  Grconspan-Hafnor-Ribaric /20/. 

Thoro Morrison's control is compared with several others 

(such as the ''natural" step size of Collatz /7/,p.89). For 

differential equations with constant coefficients (y'scy) 

Mcrriaon's control as well as the above ''optimal51 control 

tecomo a control with constant step size (for the methods 

considered in this report). 

VI.5» Numerical Examples 

Using the Lie-series method of Chanter III, the different con- 

trols of the sections VI, 1,, VI.3 and VIJ4 have been compared 

at several examples. The results are listed below: 

Example 1; y' = y , y(0) = 1 , solution y(x) = l/(l-x) 

step  ■ 
size 
control mis!: 

actual   error    < time p<; 
error of estimation'    '     step 
y(x)     for y(x)  |stops'(m sec" 

normal lio's 2\lO~^0.3 3.01*10 
13 

-5 

'15 :3,2 10 

üptimai;iO 13 .r2 lo""3'' 0.9 
1 0.99 

15 

:0.99   3.05^10 

10.999999i2.89»10 
19ln  n    1.65*10 ^ 

1.67*10 
-7 

-re 
lij 

6 

;i^  3 2 10 •19 

0.9 

0.99 

0.9.99999 1-73«10 

6.8*10" 

7.5*10' 

0.999999 '.6*10' 

0.9 

0.99 

6. 4* 10 

7.0*10 

0.999999 7.2*10 

-18 

-IS 

-8 

| 9.0*10 

i 9.9»10 

il0.0*10 

j 9.0*10 

: 9.9*10 

10.0*10 

-in 

•18 

-16 

8 

23 

50 

210 

15 

32 

123 

25 

50 

148 

16 

31 

92 

Up to 0.99 onl'j.   the optimal step size control rives no ■ 
noticeable increase of effectiveness. 

44 

60 

56 

71 
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Lxamplfc 2; y^y^ y2=ylrf y1(u)=0, 72(0) = !, solutions: y1 = sinh 

y2 s cosh 

Results for x=10: 

stop  j 
size 
control! ra 

normal 

optimal 

optimal 

s k 

13 5 13 ilO iU 

13 5 3 IlO"20 

13 5 3 jio"21 

actual 
error of 

0.83 ..0.53 

0.805 ..0.811 

0.7203..0.7205 

1.21*10 

3.75*10 

4.2 «10 

-16 

-17 

error 
estimat. 1 
for 3N  I stepr. 

4.4»10'16 

4.9*10'*17 

15 

13 
14 

 r 

Ar, expected for linear systems with constant coefficients, the 

optimal step size remained constant. The estimate for the 

'üotal propagated error is satisfactory. 

Lxample 3; yls-xy5rf y(-l) = yo3 solution y(x) = y0(l+(x
2-l)y2) c'. 

a) y0 = 0.999999995, thus y(0) *  10000 

y(l) = 

Results for m=15, s=3. k=2: 

0.999999995. 

stop 
size 
control Y h 

actual 
ierror of 

x|y(x) 

error 
estimat. 
for y(x) steps 

normal ' .io-lü 0.2 ... 0.00003 0 i.9*10+1 
i 

ili.s^io"11 
-'•-" 28 

67 

optimal 10 ^ 0.2 ... 0.00007 Oj4.9*10"1 g.o^io"1 21 

|lJ4.1*10 13 20.0»10"13 55 

For this example, constant stop siso is not advisable. 
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b) y0 = 0.99999999995. thus y(0)  *  100000 
y(l) = 0.99999999995. 

Results for mslS,,  s=3, 1^=2: 

step 
size 
cüiitrol Y h X 

actual 
error of 
y(x) 

error 
estlmat. 
for y(x) steps 

normal lO^12 0.29..0.0000023 0 1.6 10+2 
■■tiiM 46 

1 1.7 IO-13 •««■■* 107 

optimal 10'^ 0.24..0.0000060 0 5.1  10"° 9.6 l0~o 32 

15^ io"15 

.  i. j 
20.0 10*15 80 
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Chapter VII 

Calculation of Svätch-on Transients at the 

telegraphic Equation 

by Means of Genoralized LIE - Series 

by R. Saoly 

Abstract 

This chapter deals v^ith the awitoh-on transients occurring in 

the telegraphic equation,!, e., an initial and boundary value pro- 

blem of a hyperbolic partial differential equation, by means of 

gouoralized Lie series. We shall assume that an ordinary alter- 

nating voltage U(o,t) »  A enswt + 3 sin u t is applied across the 

input terminals of a telegraphic line (electric twin line) of 

length a. Wo confine our investigations to tvio limiting cases, 

naucly, that the line is either shorted or open at the other end. 

The first part of the paper gives a formal solution using 

power series. The solution is represented by moans of Lie series 

with a generalized Lie - Operator. Next the switch-on transients 

is treated with shorted wires and given initial and boundary oon- 

Jitions. Two numerical examples shall illustrate this switch-on 

transients problem. Finally the computation of the solution U(x,t) 

and J(x,t) for the initial and boundary value problem with open 

wires is given. 

My thank go to Prof. W.Groebner for his aaaistanoojl wish ack- 

nowledge the discussions with H.P.'.itbergcr, G.Wanner and K.H. Kast- 

lunger. 
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yil.1  Introduction 

1. The Telegraphic Equation 

In the prusont paper VJO sh^li cfilculatc the: switch-on transients 

occurring in the telegraphic equation, i. e.f an initial and boun- 

dary value problem of a hyperbolic partial differential equation, 

by neanc of generalized Lie-aeries. We shall assume that an ordinary 

alternating voltage ü(o,t) = A cos wt + B sin wt is applied across 

the input terminals of a telegraphic line (electric twin line) of 

3 ongth a. We confine our investigationc to tvso limiting cases, namely, 

that the lino is either shorted or open at the ^ther end. 

Let a„, a_ bo the input and o„ i e. ..    4. 4. J.  4^ n  ^* 4.1. 1' 2        * 1' 2 the output terminals of the 

lino. Wo take one axis of coordinates along the line and denote the 

distance from the input terminals by x. The length of the line is a. 

At time t, tho current j(x,t) flovis in the '«ire at the point x, the 

voltage between the tTso wires is lT(x,t). 

c li d&ll h 

a 

•J(x,t) 

0, 2 ± 12 
to 1     1   ■ o 

x^ 0 x x= a 

Fig. 1. Schematic diagram of a telegraph line 

Of those parallel wires wo consider a very small line element 

I,II,III,IV of length dx (infinitnsimal four-polo). We assume the 

line constants, referred to unit length,tn be independent of space 

and time'coordinates and denote them by the following symbols: 

r   resistance 
1   inductive reactance 
Q ....... conductance (leaking insulation) 
c   capaoitivc reactance 
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I 

r dx 

II* 

Pig. 2. Infinitesimal olemtnt of a telegraphic lino 

The two baoxc equations of the telegraphic equation follow 

from the laws of olectromagnotic theory: 

Jx(x,t) » -QU(x,t)'- cUt(x,t) (1.1) 

(1.2) U (x,t) - -rJ(x,t) - U. (x,t) 
x*— '     * ' '    t 

To eliminate current in  (1.2) we differentiate the first equation 

with respect to t and the second with respect to x. Putting 

rp =  a 
re + pi =  ß 
lo =» 7 

ve obtain the telegraphic equation for the voltage U(x,t): 

(1,5) u
xx(x.O - aU(x,t)  + ßüt(x,t) + yUtt(x,t) 

An analogous equation in J(x,t) can bo found by differentiating 

(1.1) with respect to x and eliminating    U (x,t) by moans of (1.2): 

(''.4) Jw(x,t) - aJ(x,t) + ßJ.(x,t) + yJ++(x,t) 
XX t 'tt" 

In their physical meaning, the constants o, ß and y are positive 

"•^thematioal treatment requires only that Y>-o, because this makes 

the equation hyperlolio. With a = ß = o, the telegraphic equation 

■becomes the ordinary wave equation. 
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2. Formal Solution of the Telegraphic Equation 

v 
v=»o 

v^herc the funo.tion8    ^„(t)    arc yet to be determined. The  functions 

f  (t) and ^(t)  can bo found from the  initial conditions: 

(1.6) Ufot) . f(t) « ^(t)        and 

(1.7) Ux(o,t) = h(t) - ^(t) 

be 
The remaining functions V (t) mayVcalculated by means of a re- 

cursion formula which can bo obtained by comparing coefficients of xv 

after the power series expansion has been inserted in (1.5)» 

«¥ (t) + ß*'(t) + y^' (t) 

V+<J (v+1)(v+2) 

All functions *^(t) can be oaloulated from this formula, because 

'1 (t) and f.jCt) are known from the initial conditions (1.6) and (1.7)' 

Equation (1.3) describes all electric phenomena in the two 

parallel wires. A problem frequently arising is: what happens when 

the system is switched on? At given time (t=o) the system, whoso 

electric condition at that moment is known, experiences some kind 

of external influence. We wieh to calculate the changes produced by 

this influence. We assume this influence to be a suddenly applied 

voltage. We assume further that, at the point x^o, the voltage 
Tj(o,t) « f(t) is a given function of time. From the basic equation 

(1.2) we find 

Ux(o,t) = -rj(o,t) - lJt(o,t) = - rg(t) - lgt(t) . h(t) 

a 

Now we shall solve the telegraphic equation vjith the power 

süries expansion (cf. /25/ » p.112) 

to 

(1.5)     U(x,t) -T"~ x^Jt) 
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(t.9) 

Introducing the linear operator 

wo can write the solution cf the differential equation in a more 

oenvenient form. 

The recursion formula  is then 

(1.8«) \+2^  -       (vIl)(vH2)      ^vW 

The function  (  sorios)  solving the equation can now be written 

an the  sum of the terms xv¥v,   with v   even (v- o,2,4»...)    and of 
J.;ho terras with v  odd   (vs 1f5»5»«««'   )• 

For the    *      with even index we write 

v  + 2 = 2|i 

Thic new summation index \i is inserted in the recursion for- 

rauL.  (1,8«) 

^+2^) - % -   2^(2,-1)  w:,-2 - T^TT ^o^) - T^T! ^(t) 

Tjll-evvise,  for odd v we have: 

v + 2 =■ 2|.i H- 1 

Ilonoc follows the formal solution of the telegraphic equation  ('*,: 

"    '   2v * 2V+1 v 

(i.io)      *(*>*)-JZitj^^*!!. fsrnT! A(t) 

v« o v13 ^ 

To obtain the complete  solution one has to know the oorros- 

ponding boundary and  initial conditions. 

The current J(x,t)  is obtained by integration of the differential 

oquntiou (1«1) 

(1.11) J(x,t) -   Jo(t)  - J (Q ♦ o |7)U(x,t) dx 

The proof that (l.1o) converges can be given by a majorant method; 

it can be found in /25/> p. 114 et sequ.). 
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VII.2  Switch-on Transients with Shorted Wires 

1. Initial and boundary conditions 

To bo able to solve the telegraphic equation, i. e.,to describe 

';hG boundary and initial value problem completely, ve need the cor- 

responding boundary and initial conditions. 

Wo shall assume the following conditions: 

Until time t=»o there is no current nor voltage in the wires. 

An alternating voltage- U(o,t) = A cos wt + B sin wt is applied at 

■^his moment t»o. This immediately gives the initial conditions for 

"the voltage function U(x,t) at any x except at 3o»o and for the 

ourront function j(x,t). 

(2.1) U(x,o) = o     x > o „ 

(2.2) J(x,o) = o 

Tht initial condition 

U^x.o) = «    x > o 

follows from Eq. ("M). 

What we still need are the boundary conditions for both ends 

of the lino of length a. One of them, for x=o (after an ordinary 

alternating voltage has boon applied), is 

(2.5) ü(o,t) = A cos wt + B sin wt « f(t) 

As we assume the line to bo shorted, the other boundary con- 

dition for x=a at the end f.f the line is 

(2,4) U(a,t) - o 
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m 

?..    Transformation ox a fow exprcgeions 

Before.introducing the initial and boundary conditions into the 

formal solution for U(x,t) (of.(1.1o)) vie shall bring a fen expros- 

siono into a more convenient form. 

Wo apply the generalized Lio-oporator D of Eq.(l.9) to the 

function f(t) uhioh gives the variation of the voltage U(0,t) at 

the point x^o 

D0f(t) =  f(t) -  A cos wt + B sin ^ 
\       r O 0 

D f(t)  = Df(t) m A.ooB wt + B^in wt «= 

» ßa-yu )AÄ + ßwB"7cosu)t +["- ß^A    + (O-VM  )B "Isin ut 

This gives the folloviing relations for the coefficients A1  and B. 

A1 •   (a - yu
2)Ao + ßo,3o 

B1 -   (a -  yw2)Bo - ßwAo 

By applying the operator D  v -times to f(t), 

(2.5) DVf(t) = A coaut + B sinut 

ise obtain recursion formulas for the coefficients A      and    B 

(proof by induction) : 

(2.6) Av-  (o - yu)^.,  + ßu^-1 

(2.7) Bv -  (« - yo)2)Bv>_1   -  ßwAv_1 

for    v 2 1 

c - yu   I 

T and the corresponding transposed ft      (for the rules if matrix 

calculus cf. /24/ )  the above formulas can be written in matrix 

form: 

.    T  x2    I Av-2 , 
(ß     )      I 1-     ( 

■v-2 H') 



■ 
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After having transposed this matrix equation, 

(A^BV) - (A0,30)[(nT)VJT  -(A0.B0)ß
V 

we insert the matrix (A ,B ) in the first term of the formal solutior 

for U(x,t)  (of.(l.lo)): 

V »C V «»0 
2v 

V =0 

(2.9) 

= 2—.T^Tf ^»N (sin wt J 
V =0 ^ 

v«o V v»o       / \    / 

5.  Stntoment for h(t) 

For the function h(t) = U (oft) (BOO (1.7)) "9 write 

(2.1c)   h(t) = h^t) + h2(t) * On0oa  ut + D sin wt + hr)(t) 

ThoMwo substitute the expression (2.1o) in (Lie) which gives 

2v+1 

In this representation,each term on the right-hand side in- 

dividually catisfics the telegraphic equation. In the same way as 

•ua  did with the first term of the above solution function (cf.(2.9)) 
vie  can also transform the second term: 

v-o > va0 f \ 

The first two terms of Eq.(2.1l) will bo denoted by U^x^), 
the last one by v(x,t) 

(2.13) Il(xft) » U^x^) + v(x,t)   with 

(2.14) v(x,t) » ^Zfs^TT)! 15Vh2(t) 
v=o 
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NOT», we determine the coefficients C and D so that the funoticv. 
0       0 

U (x,t) also satisfies the two boundary conditions (2.?) and (2.4)• 

One boundary condition, ILCC,^, follows from (2.11) ^hen we 

put x-o: 

(2.15) U^Ott) » f (t) » A cos w t + B sinu t 

•  (of.(2.3)) 
The other boundary condition is . 

(2.16) ^(a.t) - 0 

The function v(x,t) is then zero at the ends of the line (x^o 

and x^a). 

Hence, we have another boundary oondition for v(x,t), namely 

(2.17) v(aft) - 0 
: 

Moreover, v»e must determine v(x,t) so that it satisfies the 

initial conditions (2.1) and (2.2) for ü1(x,t) does not satisfy thee. 

As we shall see later, the function U.,(x,t) constitutes the 

steady part of the solution whereas v(x,t) is the non-persistent 

part of the voltage function. 

4.  Calculation of the coeffibionts C and D 00 

To make the calculation of C anl D more transparent, we bring 
00 

the matrices 

«    _2v     .. »       aj+i 

V «0 V'0 

to their normal form    (of. /24/, p.  195). 

The eigenvalues Q.,,Q- of the matrix 

2 
(a - yw 

ßu 

(2.18) Q1>2 -   (a - yw )   t     i. 

R     -    I   «- a - yw
2 

are 

>U) 
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The matrix P1 • cosh xp
1  can he hrought to diagonal form, be- 

cause the eigenvalues Q1 and Q   are different (ß / o) 

2v 4 ,        »2v        * 

(2.19)      T-1  cosh x^T - f^    jtjT C*    ** T) "^  TitT!(f*  " T)V 

- 5= *ri (c1  %] 
o 

cosh x|[ö7j 

After a simple calculation, we find the matrix 

(2.20) T . /   1 1 \      and its inverse T'1 - j|r 

I      1   '^        i 

(2.21) T-1-^   1 

Multiplying the matrix function    (2.19)  on the left by T and 

on the right by T"    wo find 
.    '/cosh xlß? + cosh xtfjT,        i(cosh xlp] 

oosh xV^ -   -J-   ( T 1 ' Z 

i-i(cosh tfjo^ + cosh X"[Q^),      cosh xfQ^ 

Aftor a fen» transformations 

■d^j" -   U (a - yw ) - ßwi   - P - iq 

-JQ^
1
-   "«(«  - rw2)  + ßwi    - p + iq 

we find: 
(p1       q^ 

■^1        Pl^ 

cosh xp.cos xq,        sinh xp.sin xq 

- sinh xp.sin xq,    cosh xp.cos xq 

^ + oosh ^IT2\ 

Qi  + oosh xjojj 
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In the same way vie also troat the matrix 

1 
Si '"■ n" 
(2V+1)! (2.25)    Po - 2 

s  2V+1   v 

The oulculation gives then 

n    2 t ainh xffl 

(2.24) 
/ P2 q2 \ 

'' \ ^2        P2   / 
with 

2 2 p    + q 

( p.sinh xp.cos xq + q.cosh xp.sin xq ) 

i2 -      2        2 
p    + q 

*  ■   u    ( p.cosh xp.sin xq - q.sinh xp.oos xq ) 

^ith xaa,  the matrix P1 becomes 

.2v m 
M 

v«o (JZJT n     " C08h a^ m 
11 m12 

21 m22 ) 

with 
m11 " ID22 

m 

cosh ap.cos aq 

12 * " m7'\ " 8^n^ QP,s^n acl 

and 

whereas the matrix P« becomes 
es ,2 V+1    '       v 

N = \  72"SfT)! n      -   n    ^  sir.h a^TT 
n 

v=o 

11 
I21 

n 

n 
12 

22 

with 

n11 " n22 '      2^2 
p   -"-q 

n12 —n21  "    _2   .    2 

(p.sinh op.cos aq + q.cosh ap.sin aq) 

(p.coEh ap.sin  aq - q.sinh ap.cos aq) 
p    + q 

3/naiclering the boundary condition  (2.1^) we obtain 

U^a.t) -  (A  ,B ) M/
C
°
8U
^+ (C  ,D  ) N/

0
°

S
  

W
M   - 1N       '       N  o    o       I sin«t I      v o    o'      l sin ut J 

-   (Vll  + Bora21   + Con11  + VW008 ^ + 

+
  (Aom12  + Bo,n22 + Con12  + Don22)flin ^    ' 0 

The coefficients of cos  ut    and ainw t    must vanish in order that 

the above relation is satisfied at any instant of time t.  The 
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oc-üfiicionts C    and D    arc then readily found by Cramer's rule, oo • 

■.2.^     c       Ao(miinr:' mi2ngi) +Bo(a2in22" ^glj 
o u   -^       n12n21  - n/^22 

(o   .rs       ,    Ao^-1in12- n12n11) *  B0^2ln12- ^"l^ 
nlln22 - n12R2-i 

".  Calculation of the voltige part v(x,t) 

The condition 

2v+1 
.v^7)   v(a,t) = YZ, fg^T)! ^ h2(t) a 0     (cf.(2.17)) 

ccn JO fulfillad when the function of time, D h2(t), is formally 

-..: r.-un.id as 

^-f-j       for k - 1,2,5,... 

r."iir relation must be inserted in v(x,t): 

•>>.*) .ti ^ ^v(t) .fzM^^^rV) 
V   =-0 V «o '    \      f 

U&ing the soriet expansion of the sine and superposing v(x,t) 
VK. find 

(2.29^  v(x,t) ^Z vk(x,t) . fl |j h2k(t) sin to 

The Relation  (2.28)  is equivalent  to the equation 

,2 2 
:2.:o)      Dli2k(t) =  - h2k(t).-5-2-     , 

a 

v.iioncc one can determine  the functions h«. . 

.>h.k(t). ti>2!c(t) + P ^ h2k(t) + r ll. h2k(t) - - h2k(t) i^f2 

Qt a 
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.2 2 
yh«  (t) + ßh'   (t) + (a + >H-) KM) -  o 

a 

This homogeneous differential equation has the solution 

- B 
(2.31)      h2k(t) -    e   2y    (Ckoos ukt + Dksin u^t) 

«here ic-ppT^ 
(the case «^ < o can easily he inolused in the calculation). 

The function h2(t) can also be obtained by superposing the b^t; 

(2.52)  h2(t) -J^"h2k(t) 

Inserting (2.32) into (2.29) we obtain 

(2.33)  v(x,t) - e 2y 21" Fn (Ck00B V + Vin \X)  8in ^ 

6. The solution U(x,t) 

Inserting (2.33) into (2.13) v«e obtain the solution function 

+ e 2y 2Zfe(ckC08,ikt+Vinwkt)8lnlfL 
k-l 

The coefficients C. and D, follon from the initial conditions (2.1) k    k 
and (2.2). 

We insert the condition (2.1) in (2.34) and we obtain: 

'2   ^Vl '(*.<.)■ (wft :;)(:)♦ (v»o)(! o'""©' \ -qg P2 /I0 ' 

+ >   T— C, sin ——" * 0 «fc   kn k    a 
k-1 
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The f- C.  can be regarded as the Fourier coefficients of the 

orthogonal system /sin —I , for £~ |~ Cksin ~L represents a 

Fourier series for the function 

{•<......(:;, ::){:) •«.■...ft ::)(:) 
Hence,we obtain the Fourier coeffioients 

The rasult for the coefficients C. is 

(2.36) Ck--^f-J  ^(x.o) sin^L. dx 

To determine the coefficients D. we have to consider the initial 

condition (2,2). 

üt(x,o) = U1t(x,o) + vt(x,o) » o 

Calculation gives 

v-)-(vv(!;i::)(^(c0>v(p42 ii)^- 
- *—    V    (C, ,E, ) T—   I        sin —- 

2Y     f   ; ■    v k' k' k5   lo/ a 
k=1 '   ' 

-S-   /„    TK \ a    /o\ .     kiix 
U- (ck'V k7(i/ wk8in — 

te.1 
 » 

+ 
1; 

*Vi n WIT Y 

Here, >       Du €"" "L ain "^   can a-^in be assumed to be the Fourier 
y.     4 n-    Kit   K 3 

series of the function 

1 w + 
o' \p2 {-^'^(PO^ ■(CO,DO) 

[-(VV^j-^o)^' + 1- 
2y 

with the Fourier coefficients 

(2-5?)  HVk -||| -Ult(x,o) -^^(x.cjsin^.d: 
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7.      The solution J(x,t) 

Integrating (1.1) we obtain the solution for the current J(x,t) 

(2.53) J(x,t) - - f (Q + 0 1^) U(x,t) dx + Jo(t) 

With the abbreviations 

^"(-^   PI) " C08hxV^ 

P2^^'l-q2      pj   - n'^sinh xVfl 

P.(x) -   ]p2(x) dx    *  ß" C08h ^ 
73 find: . / 

(a.*») j(x,i).. 5((AO.BO) p2(:ru:)+ (o0,Bo) P3{:" •:). 
_ 11 

- •   2Y Zl(H)2[ck
C08 ^ + Vinwkt]cos ^1 - 

- C{(A0.B0) p^;^;)"! * (C0,D0) p3 (-^::)«* 

+ l-e    ^ 
2y -   ^:(H)TVO8 V + Dk8in\ * J008 ^ - 

k< 

2v   «S- 
- e 2y     " ^(Inj [" C^k8in V + Vk cos "kO008 ^    + Jo(t) 

The integration constant J (t) can be found from the relation 

for J(o,t) ishioh can be derived directly from the basic equation (l. O. 

The time function J(o,t) satisfies the differential equation ('.') 

(1.1) Ux(o,t) - h(t) =  -  (r + 1 1^) J(o,t) 

(2.41) lJ+(o,t) + rJ(o,t) « h(t) 
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Its solution is 
C 1 

(?.42)       J(o,t)  = 2 _«2   ( i. coa wt  + w sin ut) - 
r    +u) 1 
D 1 

o -    ^      ■y-g  ( r sin w t - w cos u t)- 
^  + w 1 

^_    C 
.11 

T  L^f-ly5 ^«k* + V^^^J   " V^-      k    2 1 

v 1      2):; k 
. it 

a>      i) 2v r- ~1 • 

(l-27)  +wk ■' 

The constant K results from tho initial condition J(x,o) ■ 0 

(cf.(2.2)) 

(2.43) J(o,o) «  o 
Ck  (I " ly) * Vk C r - D 1 w 90 

(2.44)    ::--§ H- + 2Z 
k= 2 272 r    +   (/l 1   ^-17^4] 

Hence, vie find the originnl integration constant J (t) 

(2.45)      J0(t) =  J(r,t) + c [(%'^^(lTA)- 

- e 

+ 0 

2y 

((c ,D ) fi-1f-3inu,;"L     + 1 v o' o7 "   { co.? u) ty 

+ 17^    2VrZ(|7f[V03   ^ +DksinWktJ   - 

- e 
.£1 

(  -  C.u i-sinui-t  + D.wi.coa 
k-1 

Jkwk k'-k' V)] 
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8. Numerical examples 

Two numerical examples shall illustrate the switch-on transients 

problem in a shortecTTwe have examined the maximum values of the 

power function at the point x=o in dependence on the phase angle T 

of the applied voltage 

U(o,t) ■ u cos( «t - t) = A cos (üt + B sin wt 

during the transient process. Calculations were performed at the 

ZUSE Z25 computer of Innsbruck University, 

In the first numerical example, the electrical constants per 

unit lenght were chosen as follows: 

resistance        r « 1     lenght of wires    a • 1 

induktive reactance 1 » o,2   angular frequency 
... of voltage        u • 5oo 

capacitive reac- 0 

tance c - o,oo2 

leakage Q » o 

This result ( see table ) shows that there is a notable strong 

resonance and superposition effekt. For i ■ 12o , the power 

function main peaks at x«o increases to more than 2o5^ of the 

maximum value in the steady final state. 

'  The corresponding programs of the numerical examples are 
contained in(/43/p. 39 ff.) 
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The following table ahowa iihe resultd; 

T A «loo.oos T 0 
B = loo.sin T- 0 

Main peaks of 
power function 
during transient 

1  Peaks id 
final 
state  | 

0 loo 0 5985 1992 

1o 98,4800772 17,3646176 5995 1992   j 

2o 95,9692619 34,2o2o142 4003 1992 

3o 86,6o254o1 50,0000000 4004 1992   j 

40 76,6o44441 64,27876o8 4o15 1992 

5o 64,2787608 76,6o44441 4018. 1992   \ 

6o 50,0000000 86f6o2 54o1 4o21 1992   | 

7o 34,2o2o142 93,9692619 4o26 1992   | 

80 17,3648176 98,4800772 4o28 1992   1 

9o 0 loo 4o5o 1992 

1oo -17,3648176 9o,48oo772 4o52 1992 

11o -34,2o2o142 93,9692619 402 5 1992 

12o -50,0000000 86,6o254oi 4o2o 1992  j 

15o ..64,27876o8 76,6o44441 4004 1992 

14o -76,6o44441 64,27ft76o8 4040 1992 
1 

15o -86,6o254o1 5o,000ü00O 4oo9 1992 

i oo -95,0692519 34,2o2o14? 4oo5 1992  1 

17o -9^,4800772 17,5648176 4o o2 1992  | 

I80 -loo 0 5985     ! 1992  \ 

19o -9ö,48oo772 -17,5648176 5995 1992  ; 

2oo -95,9692619 -M,2o2o142 4Oü5     | 1992   i 

2lo -86,6o254o1 -50,0000000 4004 1992 



' 
1JJ0 VII.2. 

Fig. Peaks of the •oner function N(o,t) ■ j(o,t).U(o,t) versus 
phase angle T of the applied alternating voltage. 

4 ooo 

3ooo • 

2ooo 

looo 

Max N(o,t) 

transient 

etan&y  final state 

I i « « i > > i » i i » > i * t > i i » phase T 
o    3o   6o   9o   12o   15o   18o 

The following values were chosen in the second numerical example: 

resistance r « 1 

inductive reactance 1 - 1 

oapacltlve reactance c ■ o,o1 

leakage Q - 0,01 

lenght of wires   a 

angular frequency 
of voltage      u 1oo 

With N(o,t) tabulated, the following result nas obtained for the 

peaks of the power function N(x,!;) at the point XF>O 

Phase T A «100.COS T B =1oo.sin T 0 
Main peaks 
during 
transient 

Peaks in sterdy 
final state 

I  0 loo 0 1144 928        j 

1o 98,48oo772 17,3648176 1166 928 

2o 95,9692619 54,2o2o142 1127 928        | 

3o fl6,6o254o1 50,0000000 1o28 928        1 

40 76,6o44441 64,2787608 1o29 928       j 

5o 64,27876o8 76,6o44441 1o37    * 928        ( 

I 6o 
50,0000000 86,6o254o1 1o4o 926 

7o 34,2o2o142 95,9692619 1o42    1 928 

I 8o 
17,3640176 98,48oo772 

 1 

I068    ' 928 
1 



N

M1.2. I
Pl.ri.3 3 T A «1oo.cos T 0 B «1oo.uin T 0 Main peaks

during
transient

Peaks in steaivi 
final state

1 do 17,3648176 98,4800772 I068 928
9o c 100 1o43 928

loo -17,3648176 98,4800772 I042 926
•Mo -34,2o2oK2 93,9692619 1o58 928
12o -50,0000000 86,6025401 1036 92fl 1
130 -6/., 2 797608 76,6044441 I0I2 928

, 140 -76,6044441 64,2787603 1o24 926
-86,6o254o1 50,0000000 I027 928

j ■ 60 -93,9692619 34,2o2o142 I008 928
j 170 -98,4800772 17,3648176 1036 928
1 i3o -loo 0 1144 928

190 -98,4800772 -17,3648176 1166 928
: 2oc -93,9692619 -34,2o2o142 1127 926

il-his. example shovis a clear depoi.dence of the main peaks on 
U.” vliftfi? -mslo V of the applied alternating voltage.

Fig. Main peaks of the power function H(o»t) during the transient 

ani peaks of N(o,t) in the steady final state versus phas 
angle t of the applied alternating voltage

• L*
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VII«3        S^ltoh-on Tranaients rlth Open Wires 

The transient processes with the wire ends open can be treated 

mathematically analogous to the case of shorted ends. 

1.     Initial and boundary conditions 

We shall assume the initial conditions 
(3.1) ü(x,o) = o x> o 
(3.2) J(xfo) - o 

(5.3) Jt(x,o) - o 

and the boundary conditions 

(5.4) U(o,t) - A cos ut + B sin wt 
■ 

(5.5) J(a,t) - o 

Liko in 0.1 P)» tho formal ooiution for the current is 

(3.6) *        2v « 2v+1 
i   I x*.*) -n ^y, ^») * 21 fc+T)! ö1^*) 
, VoO v-o 

where 

(3.7) r(t) -  j(o,t) 
and 

|       ! (3.8)      ¥(t) - Jx(o,t) 

The function'H'(t) can be found from the basic equation (1.1) 

and from (3.4) 

(5.9)   F(t) - J^o.t) - - Qü(o,t) - oUt(o,t) - 

« T cos ut +"5 sin ut 
v/horo we have put 

-Bwc -  QA = 3" and 
Awe - QB = F 
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2. Statement for J(o,t) 

Pox the funotion J(o,t) vie set formally (of. VII.2.3) 

(5.1o) j(o,t) - 7(t) - f^t) + F2(t) - 

= C" 00s w t +"D sinw t + TAt) 
O V* A 

which we insert into  (5.6) 

2v - ?v 

(3.11)    J(x.t) =27 h^X^ +   lOZLfafTzM + 

v » O V •   o 
co      2v+1 

VO    x ' 

/008  Ut ^ 
\ sin uty 

Wo oall the sum of the first and third terms J.,(x,t) and trans- 

form them in the same way as in (2.?) 

. {r,D) P, (T"?) + {x ,T„) p, v  o'  o'    1 \ sin ut /       v o'  o7    2 

•   'i .«-^   h^rfn in  (3»11)  w" write 

(3.11')      J(x,t) -  ^'(x.t)  + w(x,t) 

The  coefficients T   and TS    must be döterminort  so that the c 0 
function J,.(xft)  satisfies  the boundary condition  (3«5) 

(3.14)        J-^ajt) =  o 

J^(x,t)  does not satisfy the initial conditions. 

The function wCx^t) must bo determined  so that the initial 

oonditiona arc fulfilled  and  thai w(x,t)  becomes zero at the end 

of the line  (x=a). 
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Thus,  wo hnvfi fnrlljuv bontidfiry   oouditlon  for w(y,t) 

^.■:5)      w(a,t) » 0 

3.   Caloulation of coeffinients C  , D    and of tho funotJon w(yft) 

Using the boundary conditions  (3.14) we obtain (of. VII.2.4) 

(5.16)      J^a.t).  V.\){'"    'n\{,";'*l)* w      '        1\   »   /      ^ o'  oM m21    K22j \sin wty 

fT  "5 \/'n11     ni2\ /ooa ut\ 

This relation holds at any time t. Therefore,  tho coefficients 

of sin ut    and coswt    must be zero. The coefficients A and B 

arc given by the boundary condition (3.4)» whence the coefficients 

c"   and D"   can bo found by means of Cramer's rule:  the result is 
oo * 

( )      F  =  ^jl^   - n12mpl)   +1>2lm22  " n22m2l) 
^ '        o ' m^g^l   "m1im22 

-  m ^>1lml2  'nJ2^^   + ^(n21ra12  ln22n1l) 
m22m11   " m21m12 

The condition (3«15) 

w(a,t) -2fl fey,  DVr2(t) = o 
VaO 

is satisfied  if we put 

! O.ie)    ^(t).(-,r((2|^){j^k .„..o.,^  
v.   „2v        / nt_.<   \2v 

v*) - if: (-^ fe (Wv-^) 
eo.(2^1,x)nk(t) 
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Ouporpoaiug tao '.»^vX, i;,) v.  :\nn  iho carrcut part vv(x,t) 

(5.19)        v;(x,t) - J2     r2k(t) cos -^l^nx 

The relation (5.13) onn bo written na a differential equation 

üf tho form 

(3.20)   Dr2k(t). ,r2k(t) ? |t-T2lt(t) +, ^^„(t) - 
ox 

'(-')-r2k(^«)i 

rT,; (*) + pr,'..(t) * [, ►(S|±i,)p]r2lt(t) 2k  v   '       K 2k 

The functions fpk(*) con thtn be found from this equation, 

(>.^)      ^21:(*) =    e    2y  (TCkeo? ukt +Tk3in  wkt) 

-.iih r-7= v-, 2 ' 

Lß +1—- V J 7 " "h     ^     \l   I-   r \ 2.a     '7    I  /    " ^2 

,,li.j-    •,•;    hü1«,  fmaumed   that 

/!.    Tho sulutlon J(x,t) and ^(r.t) 

Inserting (3.21)  in   (5.19) we obtnin 

(3.22)        J(x,t) =  J^x^)  + w(x,t) = 

(C 

+ o    2y J^ (\coa u)kt + Uk3in ukt)coa I^|lli. .x 

k»o 
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THJ oooffioienta C.   auJ 1),   oan be oalculatcd by the aano roaaon 

a« in VII.2.6. 

Conalderinß the Initial oonditions (5*2) and   (3.3) wo obtain 

tile roauJ.t 

(3.25)      7k - - f  J J/^o)  coa .CS^JSL   dx 
0 

•k 

The solution for the voXtago tj(x,t) le found hy integration 

o- (1,2): 

(5.25) 0(x,t) - - j" (rJ + 1 |i)ax * Uo(t) . 

L ßt 

+   0 
k«o 

- 1 

_ It       lc!r0 

+ ü   '*'    IT;   X2k!fl7 ( - "^ sin wk* + Vk ooo  He*). 
kaO 

.    (2k+1)nx    1    ,. TT /i 
) 

•vher 

Uo(t) . U(o,t)  +r|xl   +1  {^J 

A cos ut +B sinut + 

-((V\)  ^(ein^1^"'""'^"»*)"   1 
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